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Abstract: In this paper, we define (€, € v q)- fuzzy normal bigroup and (€, € v q)- fuzzy 
bicoset of a bigroup and discuss their properties as an extension of our work in [2]. We show 
that an (€,€ v q)- fuzzy bigroup of a bigroup G is an (€,€ v q)- fuzzy normal bigroup 
of G if and only if (€, € v q)- fuzzy left bicosets and (€,€ v q)- fuzzy right bicosets of G 
are equal. We also define appropriate algebraic operation on the set of all (€, € v q)- fuzzy 


normal bigroup of a bigroup G' and show that it forms a group. 
Key Words: bigroup, fuzzy bigroup, (€ vq)-fuzzy bigroup, (€, € vq)-fuzzy bicosets. 


AMS(2010): 03E72, 20D25 


§1. Introduction 


Zadeh [14]introduced fuzzy set in 1965. Rosenfeld [9] introduced the notion of fuzzy subgroups 
in 1971. Ming and Ming [8] gave a condition for fuzzy subset of a set to be a fuzzy point, and 
used the idea to introduce and characterize the notions of quasi coincidence of a fuzzy point 
with a fuzzy set. Bhakat and Das [3] used these notions by Ming and Ming to introduce and 
characterize another class of fuzzy subgroup known as (€ vq)- fuzzy subgroups. These authors 
in [4] extended these concepts to (€ vq)-fuzzy normal subgroups. 

The notion of bigroup was first introduced by P.L.Maggu [5] in 1994. This idea was 
extended in 1997 by Vasantha and Meiyappan [11]. Meiyappan [7] introduced and characterized 
fuzzy sub-bigroup of a bigroup in 1998. Akinola and Agboola in [2] introduced the idea of fuzzy 
singleton to fuzzy bigroup and used it to introduce restricted fuzzy bigroup. These authors also 
studied the properties of (€, € v q) fuzzy bigroup. 

In this paper, we define (€,€ v q)- fuzzy normal bigroup and (€,€ v q)- fuzzy bicoset of 
a bigroup and discuss their properties as an extension of our work in [2]. We show that an 
(€, € v q)- fuzzy bigroup of a bigroup G is an (€, € v q)- fuzzy normal bigroup of G if and only 
if (€,€ v q)- fuzzy left bicosets and (€,€ v q)- fuzzy right bicosets of G are equal. We also 
show that the set all (€, € v q)- fuzzy normal bigroup of G forms a group under a well defined 


operation. 
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§2. Preliminary Results 


Definition 2.1([5,6]) A set (G,+,-) with two binary operations + and - is called a bi-group if 
there exist two proper subsets Gy; and G2 of G such that 


(2) G= Gy U Go; 
(ii) (G1, +) is a group; 
(iit) (Go,-) is a group. 


Definition 2.2)([5]) A subset H(4 0) of a bi-group (G,+,-) is called a sub bi-group of G if H 
itself is a bi-group under the operations of + and - defined on G. 


Theorem 2.3([5]) Let (G,+,-) be a bigroup. If the subset H # 0 of a bigroup G is a sub 
bigroup of G, then (H,+) and (H,-) are generally not groups. 


Definition 2.4((12]) Let G be a non empty set. A mapping uw: G — [0,1] is called a fuzzy 
subset of G. 


Definition 2.5([12]) Let pw be a fuzzy set in a set G. Then, the level subset t, is defined as 
fe={x € G: p(x) > t} fort € [0,1]. 


Definition 2.6((9]) Let u be a fuzzy set in a group G. Then, pw is said to be a fuzzy subgroup 
of G, if the following hold: 


() w(ry) > min{u(a), wy} Ve,ye G; 
(ii) w(a-!) = p(x) V@eG. 


Definition 2.7({11]) Let pu be a fuzzy subset of a set X1 and pig be a fuzzy subset of a set Xo, 
then the fuzzy union of the sets (41 and pg is defined as a function uyU pg : X,UX2 — [0,1] 


given by: 
mas(us(2), a(t) of 2 € Xi 0X, 
(11 U po) (x) = f(a) if xe X, & rE Xo, 
[1o(x) if we Xo &xrE€ X. 


Definition 2.8([2]) Let G = Gi UG» be a bi-group. Let = p1 U pe be a fuzzy bigroup. A 
fuzzy subset pw = [41 U ple of the form: 


Mi(t,s)40 ifa=yeG, 


ule) = 0 ifcA#y. 


where t,s € [0,1] such that 


t#0 ifa@=yEeG, 


(x) = 
rae 0 if cF#y. 
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s#0 ifxv=y €G, 
0 if c#y. 


is said to be a fuzzy point of the bi-group G with support x and value M(t,s), and denoted by 


[2(x) = 


TM(t,s)- 


Definition 2.9([2]) A fuzzy point xys(t,s) of the bigroup G = G1 UG2, is said to belong to (resp. 
be quasi coincident with) a fuzzy subset 1 = py Up2 of G, written as xyct,s) € w[resp. ©u(t,s) QL] 
if u(x) => M(t, s)(resp. w(x) + M(t,s) > 1). eres) © Or Tuts) qe will be denoted by 
um(t,s) € vqp. 


Definition 2.10((2]) A fuzzy bisubset 4 of a bigroup G is said to be an (€ v q)- fuzzy sub 
bigroup of G if for everyx, y € Gandty, te, 81, se, t, s, € [0,1], 


(i) TM (t1,t2) © H, YM(s1,92) © = (ry) M(t,s) € udp; 
(it) (ty ,t2) €H => (@7')utrt2) € vgu, wheret = M(ti,t2) ands = M(s1, 82). 


Theorem 2.11({2]) Let p = wi Up2: G=G,UG, — [0,1] be a fuzzy subset of G. Suppose 
that 41 is an (€ vq)-fuzzy subgroup of Gy and pg is an (€ vq)-fuzzy subgroup of Go, then p is 
an (€ vgq)-fuzzy subgroup of G. 


§3. Main Results 


Definition 3.1 An (€ v q)- fuzzy bigroup pu of a bigroup G is said to be an (E v q)- fuzzy normal 
bigroup of G if for anyx, y € Gandt,, tz, € [0,1], tay.) Cu > (yxy—") mi(ty ,t2) E 
ULL. 

Theorem 3.2 Let = prUp2: G=G,UG) — [0,1] be a fuzzy bi-subset of G. Suppose 


that pn is an (€ vg)-fuzzy normal subgroup of Gy and pg is an (€ vq)-fuzzy normal subgroup of 
G2, then pw is an (€ vq)-fuzzy normal bi-group of G. 


Proof That pu is an (€ vq)-fuzzy bigroup is clear from Theorem 2.11. To now show that it is 
normal. Suppose that ju; and jz are (€ vq)-fuzzy normal subgroups of G; and G2 respectively. 
For z, y € Gand ty, te, € [0,1], 


TH, Epi => (yxy *)e € vagy 


and 
Lip € po => (yxy), € vate. 
So that 
pa(yey~*) > ty or pa(yey™*) +t > 1 
and 


po(ycy ') > te or po(yzy ') + te > 1, 
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which shows that 


max{p(yey~*), Ha(yey~*)} > M(t, te) or max{uy (yy), po(yey')} + M(t, te) > 1. 
Thus 
ti U pa(yxy”*) > M(t1, te) or pa U po(yey*) + M(t, tz) > 1. 


So 
u(ycy *) > M{tr, to] or p(yxy7*) + Mtr, te] > 1, 


which concludes that (yzy~*)ar(t,,t2) © UGH. 


Definition 3.3 Let uw = UU po: G=G,UG,2 — [0,1] be a fuzzy bigroup of a bigroup G. 
Fora € G, p!, (res pw") : G— [0,1] defined as 


1(9) = w(gx*) (res uh(g) = wa") 


is called an (€, €)- fuzzy left(resp. fuzzy right) cosets of G determined by x and wu. 


Remark 3.4 Let yu be a fuzzy bigroup of a bigroup G, then p is an (€, €)- fuzzy normal 
bigroup of a G if and only if u4.(g) = u™(q). 
(€, €)- fuzzy bigroup here refers to fuzzy bigroup that satisfy Meiyappian’s fuzzy bigroup 


conditions. 


Example 3.5 Let G = {e, a, b, c, d, f, x, y, z, w} bea bigroup where G, = {e, a, b, c, d, f,} 
with the cayley table 


|x fefa]>]e fal t| 


and Gp = {z, y, z, w,} with Cayley table given below 


fe ffx|y]z|w 
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be the constituting subgroups. Define w = ~iUpe: G = GiUG2 — [0,1] as {0.6, 0.75, 0.8, 0.4, 
0.4, 0.4} for fe, a, b, c, d, f,} respectively, and {0.6, 0.3, 0.3, 0.5} for {z, y, z, w, } respec- 
tively. It is also easy to see that fuzzy bisubset yu so defined on the bigroup G is an (€, € vq) 
fuzzy bigroup. Now consider 


0.6 = p(e) = pr(e) = pr (bb-*) = pr (ba) 


< min{pi(b), 41 (@)} 
= min{0.75, 0.7} = 0.7 


even though 
0.6 = a(t) = wal22) = mn(22) 
> max{pU2(z), H2(z)} = 0.3. 


Hence, jz so defined on the bigroup G is an (€,€) fuzzy bigroup. 
Also, consider 


talc) = Hac) = #a(cd") = pr (ed) = pu (a) = 0.75 


since y5,(c) = 0 and 


also since y5,,(c) = 0. Even though, 


(y (2) = Moy (2) = Ha(yz7*) = walyz) = He(w) = 0.5 


and 
1(2) = Hy (2) = Ho (27*y) = we(zy) = pa(w) = 0.5 
where p!,.(z) = 0 and p1,.(z) = 0. It is clear that p!, A py" generally. 


Definition 3.6 Let yu be a fuzzy bigroup of a bigroup G. For any x € G, fix (resp.fizx) : G—= 
[0,1] defined by 


fie(g) = M[u(gax~*), 0.5] (resp. jt2(g) = M[u(ga~*), 0.5] 


for every g € G is called (€,€ vuq)-fuzzy left bicoset (resp.(€,€ vq)-fuzzy right bicoset) of G 
determined by x and |. 


Theorem 3.7 Let be a fuzzy bigroup of a bigroup G. Then p is an (€,€ vq)-fuzzy normal 
bigroup of G if 
fia = fiz V0 EG. 
Proof Let w be an (€,€ vq)-fuzzy normal bigroup of G. Let « € G, then V g € G, if 
zt, g € G\ Go, 


fic(g) = (41 U fi2)e(g) = fire(g) = M[ua(gx*), 0.5] 
> M{[pa(a~*g), 0.5] = fire(g) = ftw (9) 
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Therefore, fiz(g) > fiz(g). By similar argument, we can show that fiz(g) > fiz(g) for all 
Lr, gE€ G\ Go. 
If xz, g € G\ Gi, then, 


> M[p2(x~"g), 0.5] = fi2e(9) = fie(9) 
Therefore, fiz(g) > fiz(g). By similar argument, we can show that fiz(g) > fiz(g) for all 
x, ge G\G. 
If x, g € Gy N Go, then, 


fc(g) = (4 U fi2)e(g)) = max{tii(g), Ha(g) 
= max{M[p1(ga~"), 0.5], M[u2(ga~*), 0.5]} 
> max{M[p(x~"g), 0.5], M[z2(2~"g), 0.5} 
= max{jtiz(g), floe(g) = (fr U fi2)0(9) = fie (9). 


Therefore, jiz(g) > fiz(g) for alla, g € Gi MG. Similar argument shows that fi.(g) > fiz(g). 


Hence, fiz = fle V0EG. 


Theorem 3.8 Let ys be a fuzzy bigroup of a bigroup G. If fix = flr V x € G, then p is an 
(€, € vg)-fuzzy normal bigroup of G. 


Proof The theorem is a direct converse of Theorem 3.1.6. Let fiz = fiz V x € G, then, for 
allg €G, 
(41 U fi2)a(g) = (ft U fiz) (g) 


which implies that 
max{ M[t11(g2~*), 0.5], M[p2(ga*), 0.5]} = max{M [p11 (a *g), 0.5], M[u2(a~*g),0.5]}. 
if we replace g by xyz, it follows that 
max{M |p (xy), 0.5], M[u2(ry), 0.5]} = max{M [p11 (yx), 0.5], M[u2(ya), 0.5]}, 


which shows that jz, which is a fuzzy bigroup of the bigroup G is normal. That p is an (€, € vgq)- 
fuzzy normal bigroup of G is a direct consequence of equivalent conditions of Proposition 2.4.1. 


Hence the proof. 


What can we say about the properties of a set that contains all the (€, € vq)- fuzzy normal 
bigroup of a bigroup G? Can an appropriate operation be defined on this set to form a group or 
a normal subgroup of that set? The following observations have been made to give an insight 


into the answers: 


In a bigroup G = G, UG», if we let 4, be a normal fuzzy subgroup of G, and S, the set of 
all fuzzy cosets fi, of 1 in G1. If we follow the approach used for similar concept in [4], define 
composition on S as: 

fia: Piy = fiery V 29 eG 
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For any g € Gi, if we let 


then 

M[p1(g2~*), 0.5] = M[p1 (gy *), 0.5] (x) 
and 

M{t1(gz~*), 0.5] = M[1(gw*), 0.5), (x) 
so that 


fire2(g) = Miya (gz 1a"), 0.5] = M[pa(gz~*a*), 0.5}. 


By replacing g by gz~1 in (x). 


M[px(gz~*a~*), 0.5) > M{M[p1(y~'gz~"), 0.5 ], 0.5} 
and since 11 is fuzzy normal, it follows that 
M{M[pa(y~'gz~*), 0.5 ],0.5} > M[ua(y~*gw™*), 0.5] 
replacing g by y~g in (xx). 
M[pa(y' gw"), 0.5) > M[ua(gw-ty™*), 0.5] 
and since 11 is fuzzy normal, it follows that 


M(pr(gw—ty7*), 0.5] > firyw(g)- 


By a similar argument, it can be shown that fiyw(g) > fiez(g) VY g € G, so that 
fiez = fliyw, which shows that the composition defined on S is well defined. 

It is easy to see that S is a group with the identity element fi;-, and /i,,-1 as the inverse 
of fijz for every x € G;. Let fi: S — [0,1] be defined by 


B(x) = p1(2) Vee Gy, 
it is observed that 
B( fie : fity-1) > M(firey-1) = ti(xy*) 
= M[i(fiz), A(Ary), 9-5) Vo fie, fy € S. 
Also, 
Li(fitefiaflie-1) = fil fixie) = pi (xax~*) 
= M{pi(a), 0.5] 


since yp is fuzzy normal, 
M(pn(@), 0.5] = M[f(ére, 0.5). 


which shows that ji is a fuzzy normal subgroup of S. 
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Now that it has been established that in a bigroup G = G U Go, if yw, is a normal fuzzy 
subgroup of G; and S$}, the set of all fuzzy cosets fi, of uw, in G;, is a normal subgroup with 
respect to a well defined operation. 

By extended implication, we can say that in a bigroup G = G, UG%, if vg is a normal fuzzy 
subgroup of G2 and So, the set of all fuzzy cosets fig of w2 in Ge, is a normal subgroup with 
respect to a well defined operation, so that we can then conclude that in a bigroup G = G,UGa, 
if pp = fy U pe is a normal fuzzy subgroup of G and S, the set of all fuzzy cosets fi of us in G is 
a normal subgroup with respect to a well defined operations S. 


This result is summarized below: 


Corollary 3.9 Let G= G, UG» be a bigroup. If = 1 U Me is a normal fuzzy subgroup of 
G, the set S, of all fuzzy cosets jt of wp in G is a normal subgroup with respect to a well defined 


operations on S. 
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Abstract: In this paper, making use of the author’s method appeared in [1] , we define 
nonnull inclined curve in L°®. We also give some new characterizations of these curves in 


Lorentzian 5-space L°. 
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§1. Introduction 


A helix is a curve, the tangent of which makes a constant angle with a fixed line. Standard 
screws, bolts and a double-stranded molecule of DNA are the most common examples for helices 
in the nature and structures. First, Lancret in 1802 gave the characterizations of this curve. 
He obtained that ”a curve is a helix if and only if ratio of curvature k, to torsion kz is costant”. 
In [5], C. Came, K. Ilarslan, L. Kula and H. Hilmi Hacisalihoglu studied generalized helices 
in E” and N.Ekmekci, H. Hilmi Hacisalihoglu investigated harmonic curvatures in Lorentzian 
space in [6]. Then A. Altin obtained helix in R? in [4]. Recently, in [1,2,3] , T. A. Ali studied 
inclined curves and slant helices in E° and E”. 

In this study, by considering inclined curves in the Euclidean 5-space E° as given in [1], we 
investigate necessary and sufficient conditions to be inclined for a nonnull curve in Lorentzian 
5-space L°® and obtain some characterizations of nonnull inclined curve in terms of their curva- 


tures. 


§2. Preliminaries 


Let a: 1 C R— L* be a regular curve in L*. The curve a is spacelike if all of its velocity 


vectors are spacelike, and timelike and null can be defined similarly. If (a’(t), a’(¢)) = +1, then 
a is called a unit speed curve, where (,) detones the scalar product of L°. 

Let a: 1 C R= L? bea regular curve in L° and w = {a’'(t), a(t), a’ (t), a(t), a” (t)} a 
maximal linear independent and nonnull set. An orthonormal system {Vj (t), V2(t), V3(t), Va(t), 


lReceived October 30, 2012. Accepted November 25, 2012. 
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V5(t)} can be obtained from ~. This is called a Serre-Frenet frame at the point a(t). 


Defiinition 2.1((4]) Let a be a unit speed curve in L° and let the set {Vi(t), Vo(t), V3(t), Va(t), 
V5(t)} be the Serre-Frenet frame at the point a(t). Then, the following hold 


Vi(t) = er (t)ki ()Va(t), 


V/ (t) = —e;(t)ki_1(t)Vi-1(t) + €;(t) ki (t)Vi41 (t), 1<i<5 (2.1) 


7 


V5 (t) = —e5(t)ka(t)Va(?), 
where €,(t) denotes (V;(t), Vi(t)) = £1,. 


Definition 2.2([1]) A unit speed curve a: I > E° is is said to be an inclined curve if its 


tangent T makes a constant angle with a fixed direction U. 


Theorem 2.1([1]) Let a: I — E° be a unit speed curve regular curve in E°®. Then a is an 


inclined curve if and only if the function 


mn\? 1 ([fm\1? 1 Tinks $1 fm \7') 
1 1 1%3 1 
(z) "R (#) "R ko +e @il 


is a constant. Moreover, this constant agrees with tan?0, being 0 the angle that makes T with 


the fixed direction U that determines a. 


§3. Characterizations of Nonnull Inclined Curves in L® 


In this section, we define nonnull inclined curves in L°. We also give some new characterizations 


of these curves in Lorentzian 5-space L°. 


Definition 3.1 A unit speed nonnull curve y: I — L° is called a nonnull inclined curve in L° 


if its first Frenet vector Vi makes a constant angle with a fired direction U. 


Theorem 3.1 Let y: I — L° be a unit speed nonnull curve in Lorentzian space L°. Then y is 


a nonnull inclined curve if and only if the function 


2 2 
& ky chs 1 (k\') , [A [estes , [2 (mY 
€3 oe ko €3k3 ko e4k4 ko €3k3 ko 
as constant. 


Proof Let y: IC R— L° be a unit speed nonnull curve in L°. Assume that ¥ is a nonnull 
inclined curve. Let U be the fixed direction which makes a costant angle ¢ with Vj, Consider 
the differentiable functions a;, 1 <7i< 5, 


U =) aj(s)Vi(s), sel, (3.1) 


i=l 
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that is 
a, =<Vi,U>, 1<i<5. 


Then the function ai(s) =< Vi(s),U > is constant, that is 


cos@=const, if y is a spacelike curve 
ai(s) =< Vi(s),U >= é = . (3.2) 
coshd = const, if 7 is a timelike curve 


By differentiation of (3.2) with respect to s and using the Frenet formula (2.1), we have 
a‘(s) = —e:kya2 = 0. (3.3) 


Then a2 = 0 and therefore U is in the subspace Sp {V1, V3, V1, V5}. Because the vector field 
U is constant, a differentiation in (3.1) together (2.1) gives the following system of ordinary 
differential equation: 

€9k,a1 — €2k2a3 = 0, 


a — €3k3a4 = 0, 


(3.4) 
al, + eqkga3 — eakaas = 0, 
at + €5k4a4 = 0. 
The first three equations in (3.4) lead to 
a3 = hea ay . 
a= a ky a 
€3k3 ko " ' (3.5) 
at — 1 |cakiks |] 1 (mY) | 
5 e4k4 ko €3k3 1) : 
We do the change of variables: 
q dt 
t(s) = ka(u)du a k4(s). 
In particular, and from equation (3.4), we have 
kg(t 
a4(t) = exastt) ~ ex (PE) ast 
As the last equation of (3.4) yields 
ky (t)k3(t 
ax (t) + €4€5a5(t) = €4€5 (Fee) ay. (3.6) 


The general solution of this equation is obtained 
i(t)k3(t 

t)=[{ A- 
as ( ) /? ka(t ka(t 


) 
) 


GIAO t 


aan sin an cos \/e4est 
ki (t)k3(t) 
( 
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where A and B are arbitrary constants. Then (3.7) takes the following form 


as(s) = ((4- / ee sin i Veh (sds cos / JVeaeska(s)ds 


+ (s+ i cos / VeEha(s)ds\ts sin i Jeaeska(s)ds|,Veaesa1. (3.8) 


From the last equation of (3.4), the function a4 is given by 


a4(s) = ((4- fag sin [ Vahls )ds its) sin [| /ereha(s)ds 


x (e+ /RQR® “eos [ Veehals )ds as) cos | Veaekals yas a a. (3.9) 


From equation (3.9) with the first two equation in (3.4), leads to the following equation: 


: (=) = (4- /e sin [ Veha(s)ds\ds sin [ /ereka(s)ds 


sae Ge 
From equation (3.5), we have 
! / 
1 e4ky kg as 1 ky 
e4k4 ko €3k3 ke 
kik 
= (4- fa % 2 sin | Veacsha(s \dsjds cos | Veacika(s)ds 
2 
(a+ f= Zcos f /eaesha(s) )ds] its) sin [ Jerks )ds|ds|,/eaes. (3.11) 


The equation (3.10) can be written by 
€5 ky (2) _ eee 
a/ E4E5E3, ko ko 


-(8+ [iS 


If we integrate the above equation, we have 


cos f /eaesha(s) )ds|d las) cos f Veaeats(s)d5] 2. (3.10) 


sin i; VeaGha(s)dsits sin / Jeaeska(s)ds 


kyk 
2 cos f /eaesha(s) )ds] its) cos | Veatha(s )ds] ae c 


€5 Ke 


Jeaeses ke 


= Vay (4 < / aS ah / Vaal s)as|ds). 


4 (e+ [i cos | Veacika(s )ds|d °) (3.12) 


where C is constant of integration. From equation (3.10), (3.11) and (3.12), we get 


2 
a/ E4E5E5 ky oe 1 ky ' ae 1 esky kg ie 1 ky ale 
€3 ko €3k3 ko e4kg ko €3k3 ko 


=C 
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(3.13) 


Furthermore this constant C’ calculates as follows. From equation (3.13) together the three 
equations of (3.4), if the first Frenet vector V; is a timelike vector and V; (i = 2,3,4,5) isa 
spacelike vector, we have 


2 2 2 2 
az +aqg+a l-a 

C= BEETS _ IW =~ tanh? 
ay ay 


Similarly, if the second Frenet vector V2 is a timelike vector and V; (¢ = 1,3,4,5) is a spacelike 
vector, we have 
C =tan’¢ 
where we have used (2.1) and the fact that U is a unit vector field. 
Conversely, assume that the condition (3.13) is satisfied for a curve y. Let ¢ € R be so that 
—tanh?¢ if V; is a timelike curve 


C — 
tan? if V, is a spacelike curve 


Let define the unit vector U by if the first Frenet vector V; is a timelike vector 


Uy 


ky tf hN" 1 |kiks [1 (ky 
= h —_— —_— — _ — — 
U =cosh¢é Mie et a (2) ets, GB + BiG Vs 
if V; is a timelike vector and 
/ 
_ ky 1 (ky\’ 1 |kikgs | | 1 (kn\' 
U =cos@ nt emte (2) aay i + ka Vs 


dU 
if V, is a spacelike vector. By taking account (3.13), a differentiation of U gives that — = 0, 
8 
which it means that U is a constant vector field.On the other hand, the scalar product between 
the first Frent vector V; and U is 
cos@=const, if Vi is a spacelike curve 


<Vi(s),U >= 
cosh¢é = const, if V; is a timelike curve 


Thus y is a nonnull inclined curve. 


Theorem 3.2 Let y: IC R— L° be a unit speed nonnull curve in Lorentzian 5-space L°. 


Then y is a nonnull inclined curve if and only if there exists a C?-function f such that 


/ 
__ kiks 1 (ky \' 
eakaf(s) = €4 To +|25 (2) ; 


ld eas (x \' 
nat) = ae (2). (3.14) 


Proof Assume that + is a nonnull inclined curve. A differentiation of (3.13) gives 


a/ E4ZE5ES5 ky ky tf 1 ky : 1 ky ‘ 
€3 ko ko €3k3 ko €3k3 ko 


/ 
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! mal 
1 esky kg 1 ky ’ 1 esky kg 1 ky : 
ae — [| — = 0. 
ae ko + + (2) e4ka ko = e3k3 \ ke 


(3.15) 


If we consider that €4 = €5, after some manipulations the equation (3.15) takes the following 
/ 
e5k4 ky : 1 eaky kg 1 ky ‘ 
J — —_ — | — = 0. 3.16 
oa €3k3 (2) a e4ka ko = €3k3 ko ( ) 


If we define f = f(s) by 
1 esky kg 1 ky q' 
LO a ees ae 2) | | 


Then the equation (3.16) writes as 


form: 


Conversely, if (3.14) holds, we define a unit constant vector U by, if the first Frenet vector Vi 


is a timelike vector 


/ 
7 ky 1 (ky\' 1 | kiks i ey 
U =cosh@ ntemte (2) Var i + hk Vs 
and if the first Frenet vector V; is a spacelike vector 
/ 
ky 1 (ky\' 1 |kiks [1 (k\’ 
hes Yi+—V3+—([—] Vwut+t— —(— V: 
cos @ La ate (2) ane is + pag rs 5 


We have that 


cos@=const, if V; is a spacelike curve 
< Vi(s),U >= 
cosh@ = const, if V, is a timelike curve 


that is y is a nonnull inclined curve. 


Theorem 3.3 Let y: IC R— L° be a unit speed nonnull curve in Lorentzian 5-space L°. 


Then y is a nonnull inclined curve if and only if the following condition is satisfied 


(B= (0 ffm) fr 


e3k3 
-(+ fi 


for some constants A and B. 


“ cos [| /eieika(s)ds\as) cos | Veaeiha( sds — (3.17) 


€5 


Proof Suppose that y is a nonnull inclined curve. By using Theorem 3.2, let define g(s) 
and h(s) by 


W(s) = a ka(u)du, (3.18) 
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g(s) =— 7 008 VEE ez — ae) sin /eaesw + f | vam Vee 3 sin = sin Ye | ds, 
(3.19) 
h(s) = os sin \/esé5 — aa (B) « os ,/eae5y) + f vars ae > cos = cos eres ds. 


If we differentiate equations (3.19) with respect to s and eee into account of (3.18), we 
dg dh 
obtain = =0 and = — =0. Therefore, there exists constants A and B such that g(s) = A and 
8 


Le, ‘ 
eee we 
€3k3 ko : 


h(s) = B. By substituting into (3.19) and solving the resulting equations for 


get 


(EZ) =1(4- /ttsin vacua) sin vou 


€3k3 
_ (2 aie [ie VaGulas) cos v/€4€51)| 


Conversely, suppose that (3.17) holds. In order to apply Theorem 3.2 , we define 
! / 
1 esky kg t 1 ky 
e4k4 ko egkg ko 
kik3 
=[[A- || i sin | /eseska(s)ds|ds | cos | \/eseska(s)ds 
2 


(s+ / 4 Riks 2 cos f /eesha(s \dsj sin [ /eresku(s)ds\ds) Vere (3.21) 


with o(s) = [° kn—1(u)du, a direct differentiation of (3.17) gives 


1 ky ‘ esky kg + 1 ky al ee esky kg 
€3k3 ko 7 ko €3k3 ko ko ; 


This shows the left condition in (3.17). Furthermore, a straightforward computation leads to 


1 feakuks | [1 (ha 1) eaka (nv! 
eakg | ke e3k3 \ ke ~— e3k3 ko)” 


(3.20) 


which finish the proof. 
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Abstract: Let M be a 2-torsion free semiprime I’-ring satisfying a certain assumption and 
0 be an endomorphism on M. Let T': M — M be an additive mapping such that 


2T(aabBa) = T(a)a6(b)GO(a) + 0(a)a0(b) BT (a) (1) 
holds for all pairs a,b € M, and a, € TI. Then we prove that T is a 0-centralizer. 


Key Words: Semiprime [-ring, left centralizer, centralizer, Jordan centralizer, left 6- 


centralizer, 6-centralizer, Jordan 0-centralizer. 


AMS(2010): 16N60,16W25,16U80 


§1. Introduction 


Let M and T be additive Abelian groups. If there exists a mapping (z,a,y) —~ way of M x 
Tx M — M, which satisfies the conditions 


(i) xwaye M; 
(it) (w+ yaz=razt+yaz, x(a + B)z=xaz+aBz, cay + 2)=caytraz; 
(iit) (way) Bz=xa(yBz) for all z,y,z€ M anda,ZeT, 


then M is called a [-ring. 


Every ring M is a T-ring with M=I. However a [-ring need not be a ring. Gamma rings, 
more general than rings, were introduced by Nobusawa[13]. Bernes[1] weakened slightly the 
conditions in the definition of -ring in the sense of Nobusawa. 

Let M be aT-ring. Then an additive subgroup U of M is called a left (right) ideal of M 
if MTU Cc U(UTM CU). If U is both a left and a right ideal , then we say U is an ideal of M. 
Suppose again that M is a [-ring. Then ™ is said to be a 2-torsion free if 2x=0 implies c=0 
for alla € M. An ideal P, of a [T-ring M is said to be prime if for any ideals A and B of M, 
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AIB C P, implies A C P,; or B C P,. An ideal Pp of a T-ring M is said to be semiprime if for 
any ideal U of M, UTU C Py, implies U C Py. A T-ring M is said to be prime if a. MTb=(0) 
with a,b € M, implies a=0 or b=0 and semiprime if af MTa=(0) with a € M implies a=0. 
Furthermore, M is said to be commutative [-ring if cay=yax for all z,y © M anda el. 
Moreover,the set Z7(M) ={x € M: xay = yax for alla €T,y € M} is called the centre of the 
T-ring M. 

If M is a [-ring, then [z, y],=xay — yax is known as the commutator of x and y with 
respect to a, where x,y € M and a €T. We make the basic commutator identities: 


[vay, zip — [z, z]gay + la, Bley oT raly, zie 
[z, yaz]e = (x, y]aaz + yla, Blaz + yo[z, z]¢ 


for all z,y.z € M and a, €T. We consider the following assumption: 
(A) rayBz=xByaz, for allz,y,z EM, anda, Be’. 


According to the assumption (A), the above two identities reduce to 


[zay, za = [x, z]aay + raly, z]¢ 


[z, yaz]s = (2, y]aaz + yale, za, 
which we extensively used. An additive mapping T : M — M is a left(right) centralizer if 
T(xay) = T(x)ay(T (ay) = raT(y)) 


holds for alla,y € M anda €T. A centralizer is an additive mapping which is both a left and a 
right centralizer. For any fixed a € M anda €T, the mapping T(x) = aaz is a left centralizer 
and T(x) = xaa is aright centralizer. We shall restrict our attention on left centralizer, since all 
results of right centralizers are the same as left centralizers. An additive mapping D: M — M 
is called a derivation if D(xay) = D(x)ay + caD(y) holds for all «,y € M, and a € T and 
is called a Jordan derivation if D(zax) = D(x)ax + xaD(x) for alla € MandaeT. An 
additive mapping T : M — M is Jordan left(right) centralizer if 


T(xax) =T(x)ax(T(xax) = caT(x)) 


for alla € M, andaeTY. 

Every left centralizer is a Jordan left centralizer but the converse is not ingeneral true. 

An additive mappings T : M — M is called a Jordan centralizer if T(aay + yax) = 
T(x)ay + yaT (a), for all z,y € M anda €T. Every centralizer is a Jordan centralizer but 
Jordan centralizer is not in general a centralizer. 

Bernes[1], Luh [8] and Kyuno[7] studied the structure of I-rings and obtained various 
generalizations of corresponding parts in ring theory. Borut Zalar [15] worked on centralizers 
of semiprime rings and proved that Jordan centralizers and centralizers of this rings coincide. 
Joso Vukman{12, 13, 14] developed some remarkable results using centralizers on prime and 
semiprime rings. Vukman and Irena [11] proved that if R is a 2-tortion free semiprime ring and 
T:R-— Ris an additive mapping such that 2T(xyx) = T(x)yx + xyx holds for all x,y € R, 
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then T is a centralizer. Y.Ceven [2] worked on Jordan left derivations on completely prime [I- 
rings. He investigated the existence of a nonzero Jordan left derivation on a completely prime 
T-ring that makes the [-ring commutative with an assumption. With the same assumption, he 
showed that every Jordan left derivation on a completely prime [-ring is a left derivation on it. 

In [3], M.F. Hoque and A.C Paul have proved that every Jordan centralizer of a 2-torsion 
free semiprime [-ring is a centralizer. There they also gave an example of a Jordan centralizer 
which is not a centralizer. 

In [4], M.F. Hoque and A.C Paul have proved that if M is a 2-torsion free semiprime T’-ring 
satisfying the assumption (A) and if T: M — M is an additive mapping such that 


T(tayBx) = «aT (y) bx 


for all z,y € M and a,@ € I, then T is a centralizer. Also, they have proved that T is a 
centralizer if M contains a multiplicative identity 1. 

In [5], M.F. Hoque and A.C Paul have proved that if M be a 2-torsion free semiprime 
T-ring satisfying the assumption (A) and let T: M — M be an additive mapping such that 


2T(aabba) = T(a)abBa+ aabT (a) 


holds for all pairs a,b € M, and a, €T. Then T is a centralizer. 

In [10], Z.Ullah and M.A.Chaudhary have proved that every Jordan 6-centralizer of a 
2-torsion free semiprime [-ring is a 6-centralizer. 

In [6] M.F. Hoque and A.C Paul have given an example of a Jordan 6-centralizer which is 
not a §-centralizer and another two examples which was ensure that 6-centralizer and a Jordan 
6-centralizer exist in [-ring. There they also have proved that if M be a 2-torsion free semiprime 
T-ring satisfying a certain assumption and @ be an endomorphism of M. Let T : M— M be 
an additive mapping such that 


T(aayBx) = 0(x)aT(y)30(@) 


holds for all z,y € M, and a,@¢T. Then T is a 6-centralizer. 
In this paper we study certain results using the concept of @-centralizer on semiprime 


gamma ring. 


§2. The 6-Centralizers of Semiprime Gamma Rings 


In this section we have given the following definitions: 


Let M be a 2-torsion free semiprime [-ring and let @ be an endomorphism of M. An 
additive mapping T : M — M is a left(right) 6-centralizer if T(ray) = T(x)a0(y)(T (aay) = 
6(x)aT(y)) holds for all z,y € M anda eéT. If T is a left and a right 6-centralizer, then it is 
natural to call T a 6-centralizer. 

Let M be a [-ring and let a € M and a € T be fixed element. Let 6: M— M be an 
endomorphism. Define a mapping T : M — M by T(x)aa0(x). Then it is clear that T is a left 
6-centralizer. If T(a) = 6(a)aa is defined, then T is a right 0-centralizer. 
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An additive mapping T: M — M is Jordan left(right) 6-centralizer if 
T(xax) = T(x)a0(x)(T(xax) = 0(x)aT(x)) 


holds for all 2 € M anda € TI. It is obivous that every left 6-centralizer is a Jordan left 
6-centralizer but in general Jordan left 6-centralizer is not a left 6-centralizer. 


Let M be a [-ring and let 6 be an endomorphism on M. An additive mapping T: M — M is 
called a Jordan 6-centralizer if T(ray + yax) = T(x)ad(y) + O(y)aT (x), for all x,y € M and 
a €T. It is clear that every 6-centralizer is a Jordan 6-centralizer but the converse is not in 
general a 6- centralizer. 

An additive mapping D : M — M is called a (0, 6)-derivation if D(ray) = D(x)a6(y) + 
O(x)aD(y) holds for all x,y € M and a € [ and is called a Jordan (6, @)-derivation if D(a, x) = 
D(x)o6(x) + 6(x)aD(x) holds for alla € M andaeTY. 


For proving our main results, we need the following Lemmas: 
Lemma 2.1([4]) Suppose M is a semiprime T-ring satisfying the assumption (A). Suppose 


that the relation caaBy + yaaBz = 0 holds for alla € M, some z,y,z€ M anda,@ eT. Then 
(a + z)aaBy = 0 is satisfied for allae€ M anda, Bel. 


Lemma 2.2 Let M be a 2-torsion free semiprime T-ring satisfying the assumption (A) and 0 
be an endomorphism of M. Suppose that T : M — M is an additive mapping such that 
2T(aabBa) = T(a)a6(b)30(a) + 0(a)a6(b) BT (a) 
holds for all pairs a,b € M and a, €T. Then 2T(aya) = T(a)y0(a) + 0(a)yT(a). 
Proof Putting a +c for a in (1)(linearization), we have 
2T(aabBe+cabba) = T(a)a6(b)30(c) + T(c)a6(b)30(a) 
+6(c)a6(b)3T (a) + O(a)a0(b) BT (c) (2) 
Putting c = aya in (2), we have 
2T (aabBaya + ayaabBa) = T(a)a0(b)B6(a)y0(a) + T(aya)a6(b)30(a) 
+6(a)70(a)a0(b) BT (a) + O(a) a0(b) BT (aya) (3) 
Replacing b by ab + bya in (1), we have 
2T(aaayb3a + aabyaBa) = T(a)a6(a)y6(b)36(a) + T(a)a0(b)-76(a)30(a) 
+6(a)a0(a)0(b) BT (a) + 0(a)a8(b)y0(a) BT (a) (4) 
Subtracting (4) from (3), using assumption (A), gives 
(T (aya) — T(a)79(a))o6(b)80(a) + O(a)a(b)B(T (aya) — O(a)yT(a)) =0. 
Taking 0(2) = T(aya) — T(a)70(a), y = a, c = b and O(z) = T(aya) — 6(a)yT(a). Then the 
above relation becomes 0()a6(c)30(y) + 0(y)0(c)30(z) = 0. Thus using Lemma 2.1, we get 
(0(x) + 0(z))a0(c)30(y) = 0. Hence 


(27 (aya) — T(a)70(a) — 6(a)yT(a))a8(b)36(a) = 0. 
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If we take 


then the above relation becomes 
A(a)a0(b)B0(a) =0 
Using the assumption (A), we obtain 
A(a)B0(b)ab(a) =0 (5) 
Replacing b by aabyA(a) in (5), we have 
A(a)30(a)ad(b)yA(a)ab(a) =0 
Again using the assumption (A), we have 
A(a)a@(a)B6(b)yA(a)a@(a) =0 
By the semiprimeness of WM, we have 
A(a)a0(a) = 0 (6) 


Similarly, if we multiplying (5) from the left by 0(a)a and from the right side by yA(a), we 
obtain 


0(a)aA(a)B0(b)ad(a)yA(a) =0 
Using the assumption (A), 
0(a)aA(a)B0(b)yO(a)aA(a) =0 
and by the semiprimeness, we obtain 
O(a)aA(a) =0 (7) 
Replacing a by a+ b in (6)(linearization), we have 


A(a)a6(b) + A(b)a6(a) + B(0(a), 0(b))a0(a) + B(6(a), 6(b))a6(b) = 0, 


B(O(a),A(b)) = 2T(ayb + bya) — T(a)7O(b) — T(6)7O(a) — O(a) yT (6) — O(6)yT (a) 


Replacing a by —a in the above relation and comparing these relation, and by using the 2-torsion 


freeness of M, we arrive at 


A(a)a0(b) + B(O(a),0(b))a@(a) =0 (8) 
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Right multiplication of the above relation by GA(a) along with (7) gives 


A(a)a0(b)GA(a) + B(O(a), 0(b))ab(a)GA(a) =0 


Since 0(a)GA(a) = 0, for all G € T, we have 


This implies that 


By semiprimeness, we have 


Thus we have 


2T (aya) = T(a)y0(a) + O(a)yT (a). 


Lemma 2.3 Let M be a 2-torsion free semiprime T-ring satisfying the assumption (A) and @ 
be an endomorphism of M. Let T: M — M be an additive mapping such that 


2T(aabBa) = T(a)aG(b)G0(a) + 6(a)a6(b) BT (a) 
holds for all pairs a,b € M anda,@ eT. Then 


[T(a), A(a)]a = 0 (9) 


Proof Replacing a by a + b in relation (9)(linearization) gives 
2T(ayb + bya) = T(a)y0(b) + T(b)y0(a) + 6(a)yT (b) + 0(b)yT (a) (10) 
Replacing b with 2aab(a in (11) and use (1), we obtain 
AT (ayaabBa+aabBaya) = 2T(a)y6(a)a0(b)30(a) + 2T (aabBa)y6(a) 
+20(a)yT (aabBa) + 20(a)a6(b)30(a)yT (a) 


= 27 (a)74(a)a6(b)60(a) + T(a)06(b)36(a)78(a) 
+0(a)a0(b) GT (a)7O(a 
) 


( ) + 0(a)7T(a)a0(b)60(a) 
+0(a)70(a)a6(b) GT (a) + 20(a)a6(b) G0(a)yT (a) 
4T (ayaabBa + aabBaya) = 2T(a)y0(a)a0(b)36(a) + T(a)a6(b)G0(a)y0(a) 


(a)78(a) 
+0(a)a0(b) BT (a) O(a) + O(a) YT (a)a8(b)G6(a) 
+0(a)70(a)a(b) GT (a) 

+20(a)a0(b)G0(a)7T (a) (11) 
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Comparing (4) and (12), we arrive at 


T(a)a6(b)B0(a)yO(a) + O(a)70(a)a6(6) BT (a) 
— 9(a)06(b) BT (a)y0(a) — O(a)yT(a)a0(b)36(a) = 0 


Putting bya for b in the above relation, we have 


T (a)a0(b)y9(a)36(a)y6(a) + 0(a)+6(a)o9(b)y9(a) 37 (a) 
—0(a)a0(b)79(a)T (a)9(a) — 8(a)yF(a)a8(b)76(a)39(a) = 0 


Right multiplication of (13) by y6(a) gives 


T (a)a(b)80(a)70(a)7O(a) + O(a)70(a)08() BT (a)70(a) 
—0(a)a6(b) BT (a) O(a) O(a) — O(a)yT'(a)ad(b)30(a)y0(a) = 0 


Subtracting (14) from (15) and using assumption (A), we get 
9(a)/0(a)70(b) 5[L (a), O(a)Ja — O(a) 79(b)B[L'(a), O(a) |ayA(a) = 0 
The substitution T(a)ab for b in (16), we have 
9(a)0(a)yT(a)a6(b) 3[L (a), O(a)Ja — O(a) yT (a)06(b)3[T(a), A(a)\ayA(a) = 0 
Left multiplication of (16) by T(a)a gives 
T(a)a6(a)70(a)70(0)B[T (a), O(a)]a — T(a)a(a)7(b) 5[L (a), A(a)JayA(a) = 0 


Subtracting (17) from (18), we arrive at 


[T(a), 0(a)79(a)]a7A(b) BIT (4), O(a) Ja — [TP(a), O(a) ]a7(0) BIT (2), O(@)Jay(a) = 0 


In the above relation let 


and c= b. Then we have 
A(x) yA(c)BO(y) + O(y)yA(c)BA(z) =0 
Thus from Lemma 2.1, we have 


(A(x) + O(z))7O(c)B0(y) = 0 
= ([T(a), 0(a)7O(a)Ja — [P(@), O(a) aa) 706) B[T(a), A(a)Ja = 0 


This implies that 
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(12) 


([7'(@), O(a) )aO(a) + O(a) YT (a), O(@)Ja — [P(a), O(a) Ja 79(2))79() BIT (a), O(a) Ja = 0 


= O(a)y[T(a), O(a) ]a9(6) B[T (a), O(a)Ja = 0 
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Putting b = baa in the above relation, we have 


A(a)y[T (a), O(a) a9 (b)a(a)5[T (a), O(a)]a = 9 


=> O(a) 7[T(@), O(a) Jo0(6) 50(a)y[T (a), O(a)Ja = 0 


using the assumption (A). By the semiprimeness of M, we obtain 


Putting ayb for b in the relation (13), we obtain 


T(a)06(a)70(b)G0(a)70(a) + 8(a)70(a)a0(a)70(6) BT (a) 


—9(a)a8(a)78(b) BT (a) O(a) — O(a)yT'(a)ad(a)70(b)50(a) = 0 


Left multiplication of (13) by 0(a)y, we have 


O(a) 7T (a)a6(b)G0(a)y0(a) + O(a)70(a)70(a)a0(b) Ta) 


—0(a)70(a)0(b) BT (a) O(a) — O(a)7O(a)yT (a)a6(b)50(a) = 0 


Subtracting (21) from (20), and using assumption (A), we have 
[T'(a), 0(4)}ay0(b)0(a)y0(a) — O(a)y[T(a), O(a) a V(b) 20(a) 
Using (19) in the above relation, we obtain 
[T(a), 0(4)]a7y0(b)30(a)y0(a) =0 
Putting baT(a) for b in (22), we have 
[T'(a), O(a) ]a7y0(b)aT (a)B0(a)y0(a) =0 
Right multiplication of (22) by aT(a) gives 
[T'(a), O(a) ]ay0(b)30(a)yO(a)aT(a) =0 
Subtracting (24) from (23) and using assumption (A), we have 
[T(a), 0(4)]ayA(b) BIT (a), O(a)7A(a)Ja = 0 
The above relation can be rewritten and using (19), we have 
[T(a), O(a) ]a7yA(b) BIT (a), O(a)JayA(a) = 0 
Putting aab for b in the above relation, we obtain 
[T'(a), O(a) ]ay0(a)a(b)B[T (a), O(a)]ayA(a) = 0 
By semiprimeness of M, we have 


[T(a), O(a)JayA(a) = 0 


(19) 


(20) 


(21) 


(22) 


(24) 
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Replacing a by a+ b in (19) and then using (19) gives 


A(a)y[T (a), O(b)Ja + Wa) YT); O@)la + O(a) 7[T(b), A) Ia 
+0(b) YT (2), O(a)Ja + O(b)11[T(4), O(b)Ja + OH) IT (); @)la = 0 


Replacing a by —a in the above relation and comparing the relation so obtained with the above 
relation, we have 


A(a)y[T'(@), (6) Ja + O(a) y[T'(), O(a)Ja + O(6)y[T(a), (aa =0 (25) 
Left multiplication of (26) by [T(a), 6(a)]a and then use (25), we have 
[T(a), 0(a)]a0(b)7[T (a), O(a)Ja = 0 
By semiprimeness of M, we have 


[T(a), A(a)]a = 0 


Hence the relation (10) follows. 


Theorem 2.1 Let M be a 2-torsion free semiprime T-ring satisfying the assumption (A) 
and and 6 be an endomorphism of M. Let T : M — M be an additive mapping such that 
2T(aabGa) = T(a)a6(b)G0(a) + O(a)a0(b)GT (a) holds for all pairs a,b € M anda,B €T. 


Then T is a 6-centralizer. 
Proof The relation (9) in Lemma 2.2 and the relation (10) in Lemma 2.3 give 
T(aaa) = T(a)a0(a) and T(aaa) = 0(a)aT(a) 


since M is a 2-torsion free. Hence T is a left and also a right Jordan 6-centralizers. By Theorem 
2.1 in [3], it follows that T is a left and also a right 6-centralizer which completes the proof of 


the theorem. 
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Abstract: In this paper, we study some aspects of homomorphism of fuzzy bigroup using 
the concept of restricted fuzzy bigroup we introduced in [1]. We define weakly fuzzy bigroup 
homomorphism and study its properties. We also give the fuzzy bigroup equivalent concepts 
of I, II, III, IV- fuzzy group homomorphisms and study the relationship between J and IJ 


fuzzy bigroup homomorphisms. 
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§1. Introduction 


There are several different fuzzy approaches to homomorphisms existing in literature concerning 
fuzzy algebra generally and fuzzy groups in particular. Bélohlavek and Vychodil [2] studied 
ordinary homomorphisms of algebras which are compatible with fuzzy equalities. Jelana et 
al [4] studied fuzzy homomorphisms of algebras. The study of fuzzy homomorphism between 
two groups was initiated by Chakrabonty and Khare [3]. The concept was further studied by 
Suc-Yun Li et. al. [9]. Many other researchers have also studied different aspects of fuzzy 
group homomorphisms. See for instance [13] The notion of bigroup was first introduced by 
P.L.Maggu [5]. This idea was futher studied by Vasantha and Meiyappan [11]. These authors 
gave modifications of some results earlier proved by Maggu. Meiyappan [6,10] introduced fuzzy 
bigroup of a bigroup and studied some of its properties. Akinola and Agboola [1] also studied 
further properties of fuzzy bigroup. 


In this paper, using the concept of restricted fuzzy bigroup we introduced in [1], We define 
weakly fuzzy bigroup homomorphism and study its properties. We also define the concept of 
I, I1,III,IV- fuzzy bigroup homomorphisms and study the relationships between I- fuzzy 
bigroup homomorphism and ITI- fuzzy bigroup homomorphism. 
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§2. Preliminary Results 


Definition 2.1({13]) Let G and G’ be two groups, and let X and us be separately fuzzy subgroups 
of G and G’. If there exists a mapping d : G>G; f : AG) pG’) satisfying: 


(i) Gea; 
(ii) f(A(zy)) = u(d(a)o(y)) for any x, y € G; 


then X and pw are said to be weakly homomorphic, and it is denoted as X( ae )p. 


Definition 2.2(({12]) Let X be non empty set. A fuzzy subset us in the set X has the sup 
property if for any subset A of the set X there exists x9 € A such that 


(xo) = sup{u(x) : x € A}. 
Definition 2.2 is applicable for a group G and a fuzzy subgroup p of G. 


Definition 2.3([9]) Let 7 be a homomorphism (isomorphism) from G onto G'. X and p are 
separately fuzzy subgroups of G and Go If w= (A), then we say X and pp are I—homomorphic 


(isomorphic). 


Definition 2.4((9]) Let \ and ps be fuzzy subgroups of G and G’. If for any a € [0,1], Aa ~ 
La (Aa & Ha), then we say X and are I-homomorphic(isomorphic). 


Definition 2.5([9]) Let 9 be a homomorphism from G onto G’. X and pw are separate fuzzy 
subgroups of G and G’. If f : (G) — p(G') is such that f(A(x)) = w(O(x)), then we say r 
and 4s are III-homomorphic. If 6 is an isomorphism and f is a monomorphism we call ’ and 


be ITI-isomorphic. 


Definition 2.6({9]) Let \ and pu be fuzzy subgroups of G and G’. Then X and s are said to be 
IV—homomorphic(isomorphic) if: 


(i) for any rx, a € [0,1], there exists at least one jug such that Xu ~ Ug (Aa & pg) and 
for any Ay D Aq there exists [45 D Ug (Aa = ba) such that Ay ~ Us; 


(it) for any eg, 8 € [0,1] there exists at least one Aq such that Ay ~ Up (Ay = bg), and 
for any Us > pg, there is a Ay D Aq, such that Ay ~ Ue(Ay = b,). 


Proposition 2.7([13]) Let G(&) G’, f : A(G) > w(G’). Then ear if and only if f(A(x)) = 
1(O(a)). 
Proposition 2.8([9]) Suppose A(0, f)u: (i) If A(x) < Aly), then pw(O(x Ns wO(y)), «, ye G; 
(ii) If wa’) < ply), then A(x) < Ay), ay € O(G);2,y EG; O(a) =2', Wy) =y. 
Proposition 2.9([9]) (4) If and pw are I—homomorphic and X has the sup-property, then 
they are II-homomorphic. 

(it) If X and wp are I—isomorphic, then they are II—isomorphic. 
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Proposition 2.10([9]) Let A and ys be ll—homomorphic. X has the sup-property. Then and 
be are l—homomorphic iff they have a homomorphism n from G onto G’ such that N(Aq) = Ha: 


Definition 2.11([5]) A set (G,+,-) with two binary operations "+" and”. is called a bi-group 
if there exist two proper subsets G, and G2 of G such that 


(2) G= Gy U G2; 

(it) (Gi, +) ts @ group; 

(iit) (Go,-) is a group. 
Definition 2.12((6]) Let (G,+,-) and (H,®,0) be any two bigroups where G = Gi U G2, and 
H=H,U Hoe, Gi, Go, are fuzzy subgroups of G, H = H1, Ho are fuzzy subgroups of H. The 
map f :G— H is said to be a bigroup homomorphism if f restricted to G, (i.e.f\G1) is a group 


homomorphism from G' to H, and f restricted to Go(i.e.f\G2) is a group homomorphism from 
Go to Ay. 


Definition 2.13({1]) Let (G,+,-) be a bi-group . Let (Gi,+) ,(G2,-) be the constituting groups 
of G. Define yg, : G — [0,1] as 
a>0O if xeEG,nG, 
YG1 (x) = 
0 ifx€GinAG 
We call yc, a Gi restricted fuzzy subgroup of G if it satisfies the conditions of Rosenfeld [8] 
fuzzy subgroup. Similarly we define ya, :G— [0,1] as 
B>0O if cE G2NG, 
Ge (x) = 
0 ifc«€GenG 


which we also call ye, a Gg restricted fuzzy subgroup of G under the same situation. Then, 


y:G-— [0,1] where y = 7G, Ua, is a fuzzy bigroup of G. 


§3. Main Results 


Definition 3.1 Let (G,+,-) and (H,®,0) be bigroups. Let ya = ya, U ya, and po = px, UpH, 
be separate fuzzy sub bigroup of G and H respectively. If8: G — H is a bigroup homomorphism 
then the mapping @: ye — pH is said to be weakly fuzzy homomorphic if for any x,y, € 
G, 6(yc(xy)) = px(6(x)O(y)). It is denoted as yo(X”) py. 


Theorem 3.2 Let Wel ba where 0: G — H is a bigroup homomorphism, then ¢ | Gi : 
YG, 2 pH, and | Go: Ya, — pH, are both restricted weakly fuzzy group homomorphisms. 


Proof Suppose that yal) on where 0:G — H and ¢: yg — pu, then 


Ve, ¥€ G, O(ya(y)) = px(O(2)O(y)) 
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which implies that 
(YG, U Yaz) (xY)) = (Pm, U px,)(O(z)A(y)). 
If z,y € GN G5, then 
(Ya. U Ye2)(xY)) = O(a, (@Y)) = pH, ((O(x)O(y)) 


which shows that ¢| G is a weakly restricted fuzzy homomorphism from yc, — pH,.- 
Similarly, if «,y € G[M Ge, then 


(Ya, U Ya2)(xy)) = O(VG2(xY)) = PH, ((O(z)A(y)) 


which also shows that ¢ | G2 is a weakly restricted fuzzy homomorphism from yg, > px. 


Theorem 3.3 Suppose that ¢ | Gi: 7G, — pu, and ¢| Go: ye, > pH, are both restricted 
weakly fuzzy group homomorphisms and let 6: G— H be a bigroup homomorphism then 
6: 7G — pH ts a weakly fuzzy bigroup homomorphism if G, and G2 are distinct subgroups of 
the bigroup G. 


Proof The theorem is a converse of theorem 3.2. Suppose that ¢| Gi: yc, — pH, isa 
restricted weakly fuzzy group homomorphism then, for V z,y € Gi 


b(ye(xy)) = (Ya, UYa2)(ty)) = O(Yex (ZY)) = PH, (O(xy)) = px, (9(x)O(y)) = pH, (A(z) O(y)). 


Since G and Gp are distinct fuzzy subgroup, 


t,y € Go > (7a. (ry)) = (0) = px,0(0) = px, ((A(0)A(0)). 


Similarly, for V z,y € Go, 


o(ya(ty)) = a1 U Ie2)(@Y)) = O(Va2(@Y)) = PH, ((O(2)O(Y)) = PH ((O(@)O(y)) 


and the result follows accordingly. 
Theorem 3.4 Let G~ H, and ¢:7¥q — pu be a bigroup homomorphism, then yal) on af 
oya() = px0(a). 

Proof Suppose that q(x) = pxrd(z), then dy¢, (2) = pur,0(x) and é@,(z) = p11,6(2). 
Since, 9: G — H is a bigroup homomorphism, then, 


bye, (ry) = px, 9(xy) = px, (O(2)A(y)), bya. (ry) = pH, O(ry) = px, (A(x) O(y)). 
Hence, 
bya(zy) = $(Ya,uG2(ry)) = max{o(ya, (ry), O(Va2(ry))} 


= max{pq,(9(ry), px, (O(ry)} = max{pn, (O(xy), px, (O(xy)} 
= max{pp, (9(2)0(y), px, (O(x)A(y), } = PruH.(O(x)A(y)) = px(O(x)O(y)). 


Hence, the proof. 
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Definition 3.5 Let 0 be a bigroup homomorphism (isomorphism) from G onto H, let yq and 
pu fuzzy bigroups of G and H respectively. If yg = pu, then we say that yq and py are 


I—homomorphic (isomorphic). 


Definition 3.6 Let yc, pu fuzzy bigroups of the bigroups G and H respectively. If for any a € 
0,1], O@)a ~ (PH)a (Q@)a & (PH)a), then we say y¥q and py are II-homomorphic(isomorphic). 


Definition 3.7 Let (G,+,-) and (H,®,0) be bigroups with Gi, Go, and Hi, Ho, as consti- 
tuting subgroups respectively, and @ an homomorphism from G to H. Let y@ = Ya, U Ya, 
and po = pu, U pu, be fuzzy bigroups of the bigroups G and H respectively. If 6: y@ — pu 
is such that $(ya,(x)) = pH, (O(x)) and (ya,(x)) = px, (0(x)), then yq and py are said to 
be III—homomorphic. If @ is an isomorphism and @ is a monomorphism we call yg and pr 
III—isomorphic. 


Definition 3.8 Let yq and py fuzzy bigroups of the bigroups G and H respectively. Then ya 
and px are said to be IV—homomorphic (isomorphic) if: 


(1) for any [yeGla, a € [0,1], there exists at least one [pH|g such that [ycla ~ [pul 
(lala © [px]a), and for any [yaly 2 [yals, there is a [pH], 2 [ex|y such that [ya]n ~ 
[era ([yels = px],)-8,0,5, A, 1 € [0, 1]. 

(2) for any [px]g, 8 € [0,1], there exists at least one [yGla, such that [yc]y ~ [pxHls 
(lyeln = [ex]a),and for any [pu], 2 [ox], there is a [ye@ln 2 [vals such that [ely ~ 
Pu)u(laln = [er]. o, 7; Ar, uw, 6 € [0, 1]. 


Theorem 3.9 If yq and py are I-homomorphic and yq has the sup-property, then they are 


IT-homomorphic. 


Proof Let 6:G = (G1, U G2) — H = (Mj, U He) be bigroup homomorphism, then, #| G, : 
G, — Hj, is such that 0(ay) = 0(x)O(y) and 6 | G2 : G2 — Ho is such that 6(ay) = 0(x)O(y) for 
all x, y € G1, Go. Suppose that 0y¢ = pu, we have that 0y¢, = pu, and 6yc, = pu,. Now for 
any x € [yc]a, we have that yg, (x) > a and ye, (x) > a. [since [yela < G => [Yala < Gi 
and [Y@.]a < G2]. px, (0(x)) = sup[ya.(y)] = ye, (x) > a so that A(x) € [pH,Ja. By similar 
argument, 0(z) € [px Ja. 

For Vy € [px]a, since [yc] has the sup property, there must be an x in 0~!(y) such that 
YG, (©) = pu,(x) > a. So xisin [yG,Ja. Similarly, x is in [y¢,]a4. Hence if we let 6a : [yc,]a — 


[er Ja and 6a: [Y¥a,]a — [PHz]a such that Pa(x) = A(x), then [yela ~ [pH]o- 


Theorem 3.10 Let yq and py be fuzzy bigroups of the bigroups G and H respectively such 
that yg has the sup-property. Suppose that yg and py are II-homomorphic then they are I- 
homomorphic if and only if they have a bigroup homomorphism @ from G onto H such that 
Plyala = lexa- 


Proof Suppose that yg and py are Il-homomorphic, it follows that [yc]o = [pH]. so that 
G ~ H. Let @ bea bigroup homomorphism from G onto H. If [yg] and [p#] are I homomorphic, 
then [pH] = 0(yq). For any a € [0,1], if @fycla ¥ [puja, then there must be a z in [py]q and 
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lyela()O-1(z) = ¢. But [px]a(z) = Sup|ya) (z)=2(%) = a. Since [y¢]a has Sup-property, there 
must be an x! in @~1(z) such that y¢(x!) > a, so z' € [yc]a and hence [yGla (O71 (z) # ¢. 
Hence, we have a contradiction. Therefore, 6[yc¢la = [pH|a- 


If 6[y¢] = pa holds for any a € [0,1], we prove pyO(x) = sup (y). For any y € A, 
yeo-*0(y) 
let ao = [pH](y,). We know that 6[y¢] = py. Hence, py@(x) = sup ya(y). If px(Yo) < 
yeo*0(y) 


sup ya(«), there must be an « € 67!(y,) such that y¢(x') > px(yo) since Yq has the 
9(x)=Yo 
sup-property. 
Let a! = y¢(z’'). Then O[yc]a = [px]a- But yo € [pu]a if x € [yaa . there is no y in px, 
such that 6(2) = y. This is a contradiction. Hence, py(yo) = sup ya(x) which indicates 


(x)=Yo 


pu = Yc(«). Hence, the proof. 
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of their Bishop curvatures. Finally, we find out their explicit parametric equations in the 
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§1. Introduction 


A smooth map ¢@: N —> M is said to be biharmonic if it is a critical point of the bienergy 
functional: 


Bs (8) = f SIT)? den, 


where T(¢) := trV?d¢ is the tension field of ¢. 

The Euler-Lagrange equation of the bienergy is given by 72(¢) = 0. Here the section 72(¢) 

is defined by 

Ts(¢) = —AgT(d) + trR (T(¢), 49) ad, (1.1) 
and called the bitension field of é. Non-harmonic biharmonic maps are called proper biharmonic 
maps. 

This study is organized as follows: Firstly, we study b—Smarandache mim, curves of 
biharmonic new type b—slant helix in the Sol*. Secondly, we characterize the b—Smarandache 
mM 1M, curves in terms of their Bishop curvatures. Finally, we find explicit equations of 
b—Smarandache m,my curves in the Sol?. 


§2. Riemannian Structure of Sol Space Sol® 


Sol space, one of Thurston’s eight 3-dimensional geometries, can be viewed as R® provided with 
Riemannian metric 
9sos = edz” + e~* dy? + dz’, 
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where (2, y, 2) are the standard coordinates in R® [11,12]. 
Note that the Sol metric can also be written as: 


3 

i i 

Iso? = 5 w Ow, 
i=l 


where 


wi=e*dr, wi=e *dy, w® =dz, 


and the orthonormal basis dual to the 1-forms is 


e; =e oe ee ck eee (2.1) 


Ox’ Oy’ Oz 


Proposition 2.1 For the covariant derivatives of the Levi-Civita connection of the left-invariant 


metric Ggo3, defined above the following is true: 


where the (i,7)-element in the table above equals Ve,e; for our basis 


{ex, k= 1,2,3} iT {€1, C5, es}. 


Lie brackets can be easily computed as: 
[e1, e,] = 0, [e2, e3] = —e2, [e1, 3] =e}. 


The isometry group of Sol® has dimension 3. The connected component of the identity is 
generated by the following three families of isometries: 


(4,2) + (@+¢,y,2), 


(a, Y; z) az (x,yte, Zz), 
(a,y,z) (er"a evy, 2+ c) , 


§3. Biharmonic New Type b—Slant Helices in Sol Space Sol” 


Assume that {t,n,b} be the Frenet frame field along 7. Then, the Frenet frame satisfies the 
following Frenet—Serret equations: 


Vet = AN, 
Vin = —Kt+7b, (3.1) 
Vib = “Tih, 
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where « is the curvature of y and 7 its torsion [14,15] and 
Isol3 (t, t) = 1, Iso? (n, n) = 1, Isol3 (b, b) — 1, (3.2) 
Isol3 (t, n) = JIsol (t, b) = Isol3 (n, b) =0. 


The Bishop frame or parallel transport frame is an alternative approach to defining a 


moving frame that is well defined even when the curve has vanishing second derivative, [1]. The 
Bishop frame is expressed as 


Vit = kim, +komo, 
Vir. = bs, (3.3) 
Vemg = —hkeot, 
where 
Ysot? (t,t) = 1, 9so (m1,m1) = 1, gJgors (M2, mz) = 1, (3.4) 
Iso? (t,M1) = Jgor3 (t, M2) = Jgors (M1, M2) = 0. 


Here, we shall call the set {t,m,,m.} as Bishop trihedra, k; and kg as Bishop curvatures 
and 6 (s) = arctan iB, 7(s) = 6’ (s) and «(s) = \/k? + 2. 
Bishop curvatures are defined by 
k, = k(s)cosd(s), 
ky = k(s)sind(s). 
The relation matrix may be expressed as 
t=t, 
n = cosé(s)m,; + sind (s) mo, 
b = —sind (s) m, + cosd (s) mp. 
On the other hand, using above equation we have 
t=t, 
m, = cos 06 (s)n—sind(s)b 
mp, = sind (s)n + cos6 (s) b. 


With respect to the orthonormal basis {e1, e,,e3} we can write 


t = tle, + te. + tez, 
1 2 3 
My = mye, + meg +™M,1e3, (3.5) 
M)Q. = Mzey meg mie3. 


Theorem 3.1 y: I —+ Sol? is a biharmonic curve according to Bishop frame if and only if 
ki +k = constant 40, 
ki — [kp +3] ki = —hy [2m3 — 1] — 2komPm}, (3.6) 
Kf —[}2 +18] ba = 2hymbm$ — hy [2m = 1]. 
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Theorem 3.2 Let y: I —> Sol? be a unit speed non-geodesic biharmonic new type b—slant 


heliz with constant slope. Then, the position vector of y is 


M : 
y(s) = ance cos [S15 + S2] + sinM sin [S15 + S2]] + Sse Hiaasen 
1 
: Searle sin M cos [S15 + So] + S; sin [S15 + Sl] + Se “2-S Je, 
1 sin 
+[- sin Ms + Ss3]e3, 


(3.7) 


where S1,S2,S3,S4,S5 are constants of integration, [8]. 


We can use Mathematica in Theorem 3.4, yields 


Fig.1 


§4. b—Smarandache m ,m, Curves of Biharmonic New Type b—Slant Helices in Sol? 


To separate a Smarandache mim, curve according to Bishop frame from that of Frenet- 
Serret frame, in the rest of the paper, we shall use notation for the curve defined above as 


b—Smarandache m,mp curve. 


Definition 4.1 Let y: 1 —>+ Sol? be a unit speed non-geodesic biharmonic new type b—slant 


helix and {t,m ,m,} be its moving Bishop frame. b—Smarandache mim, curves are defined 


by 
(m1 +m). (4.1) 


1 
Mma a +g 


Theorem 4.2 Let y: I —+ Sol? be a unit speed non-geodesic biharmonic new type b—slant 


heliz. Then, the equation of b—Smarandache mim, curves of biharmonic new type b—slant 
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heliz is given by 


1 
= ——sin M sin [Ss + Sy] + cos [Sis + Sa]jer 


Ym. m2 (s) —_ Jk? + ke 


1 
Tae % [sin M cos [S15 + Sg] — sin [Sis + Sa]le2 (4.2) 
1 1 9 


1 
+———— [cos Mes, 
k2 + ks 


where C,,C2 are constants of integration. 


Proof Assume that y is a non geodesic biharmonic new type b—slant helix according to 
Bishop frame. 


From Theorem 3.2, we obtain 


Mp = sinM sin [S,s + Sg] e; + sin M cos [Sis + S2] eg + cos Mes, (4.3) 
where S;,S2 € R. 
Using Bishop frame, we have 
m, = cos[S)s + S9] e1 — sin [S15 + So] eg. (4.4) 


Substituting (4.3) and (4.4) in (4.1) we have (4.2), which completes the proof. 


In terms of Eqs. (2.1) and (4.2), we may give: 


Corollary 4.3 Let y: I —+ Sol® be a unit speed non-geodesic biharmonic new type 6—slant 


heliz. Then, the parametric equations of b—Smarandache tm my, curves of biharmonic new 


type b—slant helix are given by 


[sin M sin [S;s + S2] + cos [Sis + Sa]], 


tm my, (s) 


——=4L— [cos M 
“yee 

2 2 
Vki + ks 
—— [c 
eV hitks 


= SS [sin M c08 [Ss + Sp] — sin [S15 + Sal], (4.5) 


mim s — 
Henn (OS TH 

1 
———— [cos M], 
VJ ke + k3 


where S,,S2 are constants of integration. 


os M] 


2tmimy, (s) 


Proof Substituting (2.1) to (4.2), we have (4.5) as desired. 


We may use Mathematica in Corollary 4.3, yields 
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Fig.2 
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Abstract: A graph G is called (r,2,k)-regular if d(v) = r and d2(v) = k for all v in G. In 
this paper, we study few properties possessed by (r, 2, k)- regular graphs. Further, we discuss 
in particular the (r, 2, (r — 1)(r — 1))-regular graphs and have given a method to construct 


(r,2,(r — 1)(r — 1))-regular graph on 4 x 2"~? vertices. 
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§1. Introduction 


Throughout this paper, by a graph we mean a finite, simple, connected, undirected graph 
G(V, £). For notations and terminology, we follow [6]. The degree of a vertex v is the number 
of vertices adjacent to v and it is denoted by d(v). If all the vertices of a graph have the same 
degree r, we call that graph r-regular. 

Distance-degree regular graphs by G.S. Bloom, J.K.Kennedy and L.V.Quintas [3] suggests 
another way to look at regular graphs. In order to consider another approach to define regular 
graph, they use the idea of distance. For a connected graph G, the distance between two vertices 
u and v is the length of the shortest (u, v)-path. 

In any graph G, d(u, v) = 1 if and only if u and v are adjacent. Therefore, the degree of a 
vertex v is the number of vertices at a distance 1 from v, and da(v) is defined as the number 
of vertices at a distance d from v. Hence d,(v) = d(v) and Na(v) denote the set of all vertices 
that are at a distance d away from v in a graph G. Hence Ni(v) = N(v). 

A graph G is called distance d-regular if every vertex of G has the same number of vertices 
at a distance d from it [5]. Let us call a graph (d, &)-regular if every vertex of G has exactly k 
vertices at a distance d from it. Regular graph is one in which each vertex is at a distance one 
away from exactly the same number of vertices. The (1,r)-regular graphs are nothing but our 
usual r-regular graphs. 


Just as a regular graph, we define a (2, k)-regular graph to be a graph in which each vertex 
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is at a distance two away from exactly k vertices. We denote by d2(v), the number of vertices 
at a distance two away from v. 

This (2,/)-regular graph has been introduced in the name of k-semi regular graphs by 
Alison Northup [2]. A graph G is called semi regular if each vertex in the graph is at a distance 
two away from exactly the same number of vertices. If each vertex is at a distance two away 
from n other vertices, we call that graph n-semi regular. Girth of a graph is the smallest cycle 
in that graph and diameter of graph G is max{d(u, v)/u, v in G}. 

Note that (2, &)-regular graphs may be regular or may not be. For example, in Figure 1, 
the graphs (a) and (b) are non-regular graphs, where as (c) is a regular graph. But all of them 
are (2, k)-regular. 


(2,1)- regular (2, 2)- regular (2, 2) - regular 
(a) (b) (c) 
Figure 1 


A graph is said to be (r,2,k)-regular if d(v) = r and do(v) = k, for allv in G. If G 
is (r,2,k)-regular graph, then 0 < k < r(r — 1) [8]. Then there arise a question that ” Js it 
possible to construct the graphs for all values of k lies between 0 and r(r —1), for any r ? ” 
With this motivation, we have constructed (r,2,k)-regular graph for k = r(r — 1) in [8]. In 
this paper, we try it for the case k = (r — 1)(r — 1) and have given a method to construct 
(r,2,(r — 1)(r — 1))-regular graph on 4 x 2"~? vertices. 


§2. (r,2,k)-Regular Graphs 


Definition 2.1 A graph is (r,2,k) - regular if each vertex of G is at a distance one from exactly 
r vertices and each verter of G is at a distance two away from exactly k vertices of G. That is, 
d(v) =r and dg(v) =k, for all vertices v in G. 
Example 2.2 Some (r,2,k)-regular graphs for 0 < k < r(r — 1). 

(i) r=0, k=0. 


(0, 2, 0)-regular 


o__® 
(1, 2, 0)-regular. 
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(iti) r = 2, k lies between 0 and 2. 


ae a 


(2,2,0)-regular (2,2,1)-regular (2,2,2)-regular 


(iv) r = 3, k lies between 0 and 6. 


x] 


(3,2,0)-regular (3,2,2)-regular (3,2,3)-regular 
(3,2,4)-regular (3,2,5)-regular (3,2,6)-regular 
Figure 2 


But, there is no (3, 2, 1)-regular graph. Now the question arises in our mind, is there exists 


an odd regular with (2,1) regular graph?. The answer is ”NO”. 


Theorem 2.3 For any odd r > 3, there is no (r,2,1)-regular graph. 


Proof Let G be an odd regular graph. Suppose G is (2,1)-regular graph, then G is of type 
P, or UP, [2]. Since G is a regular graph, G must be of type UP). Therefore, G is a regular 
graph of even degree, which is a contradiction. Therefore G is not (2, 1)-regular. Hence, there 


is no (2,1)-regular graph for r = 3,5,7,9---. 
Theorem 2.4 Any (r,2,k)-regular graph has at least k +r +1 vertices. 


Proof Let G be a (r,2,k)-regular graph. Then each vertex v is adjacent with r-vertices 


and non-adjacent with at least k-vertices. Therefore, G has at least k + r+ 1 vertices. 


Theorem 2.5 Any (2,k)-regular graph with max deg r has at least k +r +1 vertices. 
Theorem 2.6 [fr and k are odd, then (r,2,k)-regular graph has at least k + r + 2 vertices. 


Proof If r and k are odd, then there is no (r,2,k)-regular graph of order r + k + 1, since 


odd regular graphs have only even number of vertices. 
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Theorem 2.7 For anyr >2 andk > 1, G is a (r,2,k)-regular graph of orderr+k+1 if and 
only if diam(G) = 2. 


Proof Suppose G is a (r, 2, &)-regular graph with r+k+1 vertices such that r > 2 andk > 1. 
Let v be any vertex of G and v is adjacent to r-vertices v1, v2, U3,...,Ur- That is d(v, v;) = 1, 
for i = 1,2,3,---,r. Also v is at a distance two away from exactly k vertices uy, u2,U3,°+° , Uk- 
That is d(v, uj) = 2, for i = 1,2,3,...,k. Therefore , diam(G) = max{d(u, v)|u, uv in G} = 2. 

Conversely, let diam(G) = 2 and G be such a r-regular with n vertices. Let v be any vertex 
in V(G) and d(v) =r, for all v in G. That is, v is adjacent with r vertices and non adjacent 
with (n—r-—1) vertices. Since diam(G) = 2, then remaining n —r—1 vertices are at a distance 


two away from v. Therefore, G is a (r,2,n—r—1)-regular graph of order n = r+(n—r—1)4+1 


vertices. 


§3. (r,2,(r —1)(r — 1))-Regular Graphs 


In this section, we have given a method to construct a (r,2,(r — 1)(r — 1))-regular graph with 
4 x 2°-? vertices, for any r > 1. 


Definition 3.1 A graph G is said to be (r, 2, (r—1)(r —1))-regular if every verter has degree r 
and every vertex in the graph G is at a distance two away from exactly (r—1)(r—1) number of 
vertices. That is, a graph G is (r, 2, (r—1)(r—1))-regular if d(v) = r and d2(v) = (r—1)(r—-1), 
for allv in G. 


Example 3.2 The following examples are clearly (r, 2, (r — 1)(r — 1))-regular graphs. 
1. Ko is a (1,2,0)-regular graph. 
2. C4 is a (2,2, (2 — 1)(2 — 1))-regular graph. 


3. Graphs shown in Figure 3 are (3, 2, (3 — 1)(3 — 1))-regular graphs. 


Ai SPAN] DREK 


Figure 3. 


Theorem 3.3 Forr > 1, if G is a (r,2,(r — 1)(r — 1))-regular graph, then G has girth four. 


Proof Let G be a (r, 2, (r — 1)(r — 1))-regular graph and v be any vertex of G. Let N(v) = 
{v1, V2, U3,°++ , Ur}. Then d(v) =r and do(v) = (r—1)(r—1), for all v in G. At least one vertex 
of N2(v) is adjacent with more than one vertex of N(v) and G(.N(v)) has no edges. Therefore, 


G does not contains triangles and G contains four cycle. Therefore G has girth four. 


Next, we see the main result of this paper. 
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Theorem 3.4 For any r > 1, there is a (r,2,(r—1)(r—1))-regular graph on 4 x 2”~? vertices. 


Proof When r = 1, Ko is the required graph. When r = 2, C4 is the required graph. Let 
us prove this result by induction on r. Let G be a graph with vertex set V(G) = {2), g®) lO< 
i < 3} and edge set E(G) = {2 a, oa), og | eM Ufa 2?) cc [0 <i <3} 
(Subscripts are taken modulo 4). Figure 4 represents the graph 3-regular graph G. 


2 2 
22) 2) 


ES 


(2) 2) 
3 G a) 


G is a (3,2, (3 — 1)(3 — 1))-regular graph on 4 x 23~? = 8 vertices. 


Step 1 Take another copy of G as G’. V(G’) = {ec 20 <i < 3} and E(G’) = 
{222 232 2% gS) _g8 U {294 oo I0 <i < 3} (Subscripts are taken mod- 


ulo 4). 


The desired graph G, has the vertex set V(Gi) = V(G) UV(G’") and edge set E(G1) = 
E(G) U E(G’) U {2a 2 20 < i < 3} (Subscripts are taken modulo 4). Now the 
resulting graph G, is 4 regular graph having 4 x 24~? = 16 vertices. Figure 5 represents the 
graph G}. 


Figure 5. 
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Next consider the edges a 2) for integers 0 <i < 3. For (0 <i < 3), 


) = {x terete £; Ni in G and |N(a; 0 
)= {ax 0) a ‘ a! 2) in G’ and |N( 
N(x) = {a 2%, « a) } in G’ and |N(a; 
)={a 


(a 
re eRe a) yi in G and |N(N 


(1) 
( 


x; 


(4 
it 
(a Oy) = =3in 


Q 
oS 
IA 
IA 
wed 


The discussion is divided into the following cases. 


(1) To find dz of each vertex in C“), where C is the cycle induced by the vertices 
{eM l0 <i < 3} in Gy. 


No(a?) in Gy = No(a\”) in G@ UN(e,) in GU N(N(2!)) in G! 
= {a zo ey eh in GU {a\* Bas ai in G’ 


1? Tey 


U eee 2, 2) in G’ 


2 2 2 4 4 3 4) 3 
7 = {a2 eee on cone U {a J x, ee 2s, af ; a m G" 


Here ao) is the common element in N(2?) in G’ and N(N(2\)) in G’. 


do(x\) in Gy = do(a!) in G + (\N(2@,)| in G’ + [N(N(2))| in G’) - 


a 


244.643) -1=6=4-)d=1) Oe r< 9), 


(2) To find dz of each vertex in C, where C™ is the cycle induced by the vertices 
{ce |0 <i < 3} in Gy. 
N(2\4,) in Gy = No(a{,) in G’ UN(a!) in G@ UN(N(e{,)) in G 
4) (3) (3) 3 1 1 2 
= {oips. ets aie ay} U {aly ays.) } in G 
1 1 
U eae cae oh inG 


4 3 3 3 1 1 2 
= {2",, ree ae 2} U fol) es x), a D2 a} in G. 


Here, a) is the common element in N (a; (1) ) in G and N(N(aj, @) 1)) inG. 


do(2{4),) in Gy = do(a',) in G’ + (\(N(a™)| in G + |N(N(e,))| in G1 
=64(34+3)—-1=9=(4-1)(4-1) (0<i< 3). 


Next consider the edges 22°) for integers 0 <i < 3. 


N(a®) = {2 os, 0°} in G and |N(c®)| =3 in G, 0<i <3; 
N(N(a)) = {a 25, 287} in G’ and [N(N(2))| =3 in G, O< i <3; 
N(z®) = {x ee ee ao} in G’ and |N(a ))| = =3inG’,0<i<3; 
N(N(a))) = {0o, 25, 26)5} in G and |N(N(a{°)))| =3 in G, 0<i <3). 
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(3) To find dz of each vertex in C®), where C(?) is the cycle induced by the vertices 
{x0 <i < 3} in Gy. 


No(x\”) in Gy = No(x®) in @ UN(x®) in G! UN(N(e)) in G’ 


= {x ) ra taste 3}inG U 22), 2), 0} in G’ 


U{a®,, a) a in G’ 


1 2 1)-y 3 3 3 3 
= {af ase 3} inG U Goa ., oe ooh in G’, 


Here, a, is the common element in N(a? ) in G’ and N(N(a)) in G’, 


do(a) inGy = do(a) in G+ (\(N(a)| in G+ |N(N(2))] inG’) — 
4+(34+3)-1=9=(4-1)(4-1) (0<i <3). 


I 


(4) To find dz of each vertex in C), where C®) is the cycle induced by the vertices 
{x0 <i <3} in Gy. 


No(x®) in Gy = No(x®) in G’ UN(e®) inG UN(N(c™)) in G 
= {29 2%,, a. a a) } in G' U {a o®),, ao} inG 


a 119 Bae 


2 2 
U [act east asi inG 


= Lee, ave. TA vee inG’ U eas, oc xf), Pee in G. 


7 


Here, a), is the common element in N(a! @) )) in G and N(N(a (3) )) in G. 


do(x)) in Gy = d(x) in G’ + (|(N(e)| in G + in |N(N(e®))| in @) = 1. 
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=4+(3+3)-1=9=(4-1)(4-1) (0<i< 3). 


In G, for integers 1 <t < 4, do(zx\") = (4—1)(4— 1) for integers 0 < i < 3. Thus G, 
s (4,2, (4 — 1)(4— 1))-regular graph on 4 x 24? = 16 vertices with the vertex set V(G1) = 
{oll <t < 242.0 <i < 3} and E(G1) = E(QUE(G)U {2M 2, 220 < i < 3}. 


Therefore, the result is true for r = 4. 


Step 2 Take another copy of G; as G4 with the vertex set. V(G{) = {a )ioa- 27+1<t< 
24-10 <i < 3} and each a? , (24-2 +1 < t < 24-1), corresponds to a a <t < 2*-? for 
(< i < 3. The desired graph i has the vertex set V(G2) = V(Gi) UV(G‘) and edge set 
E(G2) = E(Gi) U E(G4) U {x ye) x (7) ee) , cn}, Now the resulting graph G2 
is 5 regular graph having 4 x 2°-? = 32 ‘artis Figure 6 represents the graph G2. 
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Figure 6. 


Consider the edges af) 2), for0<i<3 


4 


N(a™) = {a8?,, 05,09, 2} in Gr and |N(a{?)| =4 in Gi 
N(N(@{”) 
(8) (8)? (5)4 in Gi, and IN(a®)| =4inG 


’ i419 Uy 


1+2? 


N(N(aS,)) = {a 2,00 , 2} in Gy and |N(M(2®),))| = 4 in Gi. 


) ( 

) = {a!®),, af), oo, o{),} in Gand [N(N(a$”))| = 4 in G4 
) ( 

) ay 4439 "4419 %% 


(1) To find dz of each vertex in C™, where C“) is the cycle induced by the vertices 
{a0 <i < 3} in Gy. 
No(2) in Gp = No(a) in Gy UN (2) in GL UN(N(2™)) in Gi 
= No(a"?) inG, U {x), ao), a, , ao} in Gi 
Utara. 2)? } in GY 


= N2(x) inG, U {x®), a), a, 20) 2) 0)? 2} in G4. 


Here x“ is the common element in N(a\*) in G, and N(N(a\”)) in G4, 


do() in Gy = da(e™) in Gy + (\(N(@®),)| in G+ [NN (2"))] in G4) - 1. 
=9+(44+4)—1=16=(5-1)(5-1) (0<i <3). 


(2) To find dz of each vertex in C), where C®) is the cycle induced by the vertices 
{x10 <i < 3} in Go. 


No(a'®,) in Go = No(x'),) in GU N(a$”) in Gy UN(N(2)) in Gi. 


= N2(c®,) in Gi U {x , aos, ao?) 4) } in Gy 


U {e@; a Bees, ze} in Gy 


= No(a')) in Gy U {2G Diss aE Te SUE Sue in G1. 


a 
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Here, ao). is the common element in N(a\?) in G; and N(N(2),)) in Gi, 


do(x\®),) in Gy = do(w‘®,) in G+ (\(N(e)| in G1 + [N(N(e®),))| in G1) — 
d(x.) inGp =9+44+4-1=94+8-1=(5-1)(5-1) (0<i<3). 


Next consider the edge 22 for integers 0 <i <3. 


N(a) = {2 2,0, } in Gy and [N()| = 4 in Gi, 


N(N(2)) = {2?,,0,, 0), 2 vies} in Gi and |N(N(a)))| = 4 in Gh, 
N(a) = {2?,), 0 P,, 2), 2} in Gi and |[N(a()| = 4 in Gi, 
N(N(a))) = {0 n, 2s, 2's, 25} in G1 and [N(N(#{))| = 4 in G4. 


(3) To find dz of each vertex in C®), where C(?) is the cycle induced by the vertices 
{x0 <i < 3} in Go. 


No(x) in Gp = No(x®) in Gy UN(e™) in GU N(N(2)) in Gh 
= No(a? )in Gi U Cath al a jaf tin GY 
U {2} S , Be } in Gy 
= No(2; e )in Gy U ee, 0 gO a, oF i in G4. 


Here, et, is the common element in N(a\”) in and N(N(2??)) in Gi 


d(x?) in Gg = da(x\?’) in Gy + (\(N(a{)| in G+ |N(N(e?))| in G4) — 


7 7 


=9+(44+4)-1=16 =(5-1)(5-1) (0<i< 3). 


(4)To find dz of each vertex in C\), where C is the cycle induced by the vertices {a2 jo< 


)) in Gy UN(a’) in Gy oS ()) in Gh. 


No(x°”) in Go = No(a' x; 
= = Np(a )in Gi U {2,2 a), a?) ,x Hy | in Gy 
2) (3) (1 2 
U{x Os CUR Oe oa} a in Gy. 
= No(x; (7) )in GU {2,2 o.oo), COE Re oi?) i in G,. 


Here, 2), is the common element in N(a)”) in G; and N(N(c%)) in Gi, 
do(x6) in Gz = (do(x) in Gi + (\N(2)| in Gi + |[N(N(e™))| in Gy) — 


do(e™) in Gp =94+444-1=94+8-1=(5-1)(5-1) 0 <1 <3). 


Next consider the edge oz), for pee 0<i<3. 
N(a (3)) = {x om oa 2 ; a! 2 in G, and IN(x®)| = 4 in G4. 
N(N (2!) = {af,, 26, a), of} in Gi and |N(N(2®))| = 4 in G4. 
NGS (eee 2 aS amd Nl) Sin 
N(N(29,)) = {05,2 2, 0D) } in Gy and (N(N(a{),))| = 4 in Gi. 
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(5) To find dz of each vertex in C@), where C®) is the cycle induced by the vertices 
{x0 < i < 3} in Go. 


No(a®) in Ga = No(x) in Gy UN(2®,) in GLU N(N(2®)) in Gi 
= Ny(2) in Gy U {2,2 , 2,2} in Gh 


? a a 


U {0 9,, a og af} in Gi 


7 v; 


= No(x (3) j inG, U {2,2 of), 2) o™,, eal), a} in G. 


at19%% 


Here, a) is the common element in N (a a!) ) in G{ and N(N(a ())) in G4, 


do(x\) in Gy = da(a\?) in Gy + ((N(#{))| in GL + [N(N(@}?))] in G4) - 
=9+(4+4)-1=16=(5-1)(5-1) 0<i< 8). 


(6) To find dz of each vertex in C\), where C(® is the cycle induced by the vertices 
{x0 < i < 3} in Go. 


No(a%,) in Go = No(x ®,) in Gy UN(a®) in Gy phe (o)) ini 


Thay 
= No(x ae mM GY U {a!),, 2!),, af os a )} in Gi 


3 3 4 DY 4-3 
U (es Oe TE oe } in Gy 


= No(x o)t inG, U Eoeun eee Ce a ee a) in Gi. 


Here, a), is the common element in N(a! (1) )) in G; and N(N(« 2) in Gi, 
do(x{)) in Go = do(o(,) in G+ (IN(a))| in Gi +|N(N(@Q,))| in G1) 
d(x), ) inGp =9+4+4+4-1=94+8-1=(5-1)(5-1) (0<i <3). 


Next consider the edge 2) for integers 1 <i < 3. 


N(x) = {a,, al) 0, o@),} in Gy and |N(ax ))) = 4, in G. 
N(N(2)) = (eh 2), 2), 2} in Gi and [N(N(a))| = 4, in G4. 
as ) = {a vie of), 2, o®)} in Gi and |N(a!)| =4, in Gh. 
N(N(a))) = {29,2 ,, 25, 2,} in Gi and [N(N(2®))| = 4, in Gy. 


(7) To find dz of each vertex in C@), where C™ is the cycle induced by the vertices 
{x0 < i < 3} in Go. 
No(x) i in Gp = No(a? )inG, U N(a! 4 in Gi U N(N(2)) in Gi 
= = No(a )inGi U (een Cee 10 9 © i} i in Gy 
Uae «a eee v; + in Gi 
= No(a; ie ) in Gy U{2e,, Pate ye ote x; } in G\. 


Here, a), is the common element in N(a ) in G4, and N(N(x™)) in G4, 
do(x\)) in Gz = do(x\”’) in Gy + (\N(#!”)| in G, + |N(N(x2))| in G4) - 


=9+(44+4)-1=16 =(5-1)(5-1) (0<i< 3). 
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(8) To find dz of each vertex in C), where C®) is the cycle induced by the vertices 
{x0 <i < 3} in Go. 


No(x®) in Gp = No(0) in GL, UN(2) in Gy UN(N(a')) in Gy 
= No(x (9) j in Gi, U{a« Se e002.) in Gy 


4 4 3 1) 
U fas Cee ee Bea} in Gy. 


5 4 4 3 4 4 1 
= N2(a; yi in GU Ge, By oyiit, ae es eae in Gy. 


Here, a, is the common element in N(a\”) in G; and N(N(x°?)) in Gi, 


do(x°°)) in Ga = do(x!) in Gi, 


+ (\N(2)| in Gy + |N(N(0))| in G1) - 1 
d(x) inGy =94+444-1=9+8-1=(5-1)(5-1),(0<i <3). 


7 


In Gy, for (1 < t < 8), do(a\) = (5—1)(5—1), for (0 < i < 3). Ga isa (5,2, (5—1)(5—1)) regular 
graph on 4 x 2°~? = 32 vertices with the vertex set V(G2) = {a1 St? 0 es Bh and 
E(G2) = E(G1) U E(G{) U faa) oa ol ) oi), ce), Therefore, the result is true 
for r = 5. 

Let us assume this result is true for r = m +3. That is, there exists a (m+ 3, 2, (m+ 2)?)- 
regular graph on 4 x 2™+! vertices with the vertex set V(Gm) = {x0?|1 <t<2™41,0<i <3} 
and 


E(G'm) = B(Gm-1) U E(Gip.- » Ube Zhimod [0 <4 S 3}. 
That is, for integers 1 <¢t < 271, do(a\) = (m+ 2)(m+ 2) for0<i<3 and d(x") =m+3. 
Take another copy of Gm as G’,, with the vertex set. V(G!,) = {aS?|am+1 +1 <4 < 
am+2.0 <i < 3} and each gl) amt +1<t< 2™*+ corresponds to 0, 1<t<2™t! for 
integers 0 <7 <3. 
The desired graph Gmii ne the vertex set V(Gm41) = V(Gm) UV(Gi,,) and edge set 


E(Gm41) = E(Gm)U E(Gi,) U ats etree <i < 3}. Now the resulting graph G41 is 


(t) pate ttel /( 


(m+ 4) regular graph having 4 x 2”*? vertices. Consider the edges ‘U ‘ta! © 4 t(mod 2) 


i<3)}. 
For integers 1 < t < 2*!, dy of each vertex in C, where C™ is the cycle induced by the 
vertices {x 0 <7i< 3} in Gn4t. 


do(a\) in Gm41 = da(ay”) in Gm +|N (22) mod's] in Gh, +N (N(a{?))| in Gin. 
= (m+ 2)(m + 2) + (m+ 3) + (m4 3)) — 1, (for 0< 7 <3). 
= (m+ 2)(m+ 2) +2m+5). 


=m +6m+9=(m+3)(m+ 83). 
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For integers 2+! +1 <¢ < 2™+? dy of each vertex in C2”"**-+), where C2”"**-#+D ig 
m+2_ 
the cycle induced by the vertices {x? cei <i< 3} in Grit. 
amt?_tity: = Qe ap ey ars ! 
2 (54 (mod 3y) m Gm+1 a d2( i. smod 3)) m Gin 


t F PUPS S , 
+|N(c®)| in Gm + [NN (02 sancti a)| in Gm. 


(m+ 2) + (m+ 3) + (m+3)-1, (for 0<i <8). 


=(m+3 


In Gm41 for 1 <t < 2™*?, do(x\") = (m+ 3)(m+ 3) for 0 <i <3. That is, there exists a 
((m-+ 4), 2, (m+ 3)(m + 3))-regular graph on 4 x 2™*? vertices with the vertex set V(Gm41) 


IA 


gmti 
faP|L St < 249.0 <4 < 8} and BGmg1) = E(Gm) U BGin) U {0 a naa l0 


i < 3}. That is, for integers 1 < t < 2m+2 do (a) = (m+ 3)(m + 3) for 0 < i < 3 and 
da”) =m-+4. If the result is true for r = m +3, then it is true for r = m+4. Therefore, the 
result is true for all r > 2. 
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Abstract: A subset S' of vertices in a graph G = (V, F) is a dominating set if every vertex 
in V —S is adjacent to some vertex in S. A dominating set S of a connected graph G is called 
a connected dominating set if the induced subgraph < S > is connected. A set S is called a 
global dominating set of G if S is a dominating set of both G and G. A subset S' of vertices 
of a graph G is called a global connected dominating set if S is both a global dominating 
and a connected dominating set. The global connected domination number is the minimum 
cardinality of a global connected dominating set of G and is denoted by ygc(G). In this 
paper we obtained the upper bound for the sum of global connected domination number and 


chromatic number and characterize the corresponding extremal graphs. 
Key Words: Global domination number, chromatic number. 


AMS(2010): 05C69 


§1. Introduction 


Graphs discussed in this paper are simple, finite and undirected graphs. A subset S of vertices 
in a graph G = (V, £) is a dominating set if every vertex in V — S is adjacent to some vertex 
in S. A dominating set S of a connected graph G is called a connected dominating set if the 
induced subgraph (5S) is connected. A set S' is called a global dominating set of G if S is a 
dominating set of both G and G. A subset S' of vertices of a graph G is called a global connected 
dominating set if S is both a global dominating and a connected dominating set. The global 
connected domination number is the minimum cardinality of a global connected dominating set 
of G and is denoted by yg-(G). Note that any global connected dominating set of a graph G has 
to be connected in G (but not necessarily in G). Here global connected domination number Yge 
is well defined for any connected graph. For a cycle C,, of order n > 6, ¥g(Cn) = [7/3] while 
Ygce(Cn) =n — 2 and yg(K,,) = 1, while ygc(Kn) = n. The chromatic number x(G) is defined 
as the minimum number of colors required to color all the vertices such that adjacent vertices 


do not receive the same color. 
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Notation 1.1 K,,(P,) is the graph obtained from K,, by attaching the end vertex of Px to 
any one vertices of K,. K,(mP,) is the graph obtained from K,, by attaching the end vertices 
of m copies of P, to any one vertices of Ky. 


Some preliminary results on global connected domination number of graphs are listed in 
the following. 


Theorem 1.2({1]) Let G be a graph of order n > 2. Then 
(1) 2< Yge(G) < 1, 


(2) Yoe(G) =n if and only if G = Ky. 


Corollary 1.3({1]) For all positive integers p and q¢ Ygc(Kp,q) = 2. 


Theorem 1.4([1], Brooke’s Theorem) IfG is a connected simple graph and is neither a complete 
graph nor an odd cycle then x(G) < A(G). 


Theorem 1.5({1]) For any graph G of order n > 3, Yg-(G) =n—1 if and only if G = K, —e, 
where e is an edge of Ky. 


Corollary 1.6((1]) For alln > 4 yge(Cn) =n — 2. 


§2. Main Result 


Theorem 2.1 For any connected graph G, ygce(G) + x(G) < 2n—-1. 


Proof By Theorem 1.2, for any graph G of order n > 2, Ygc(G) < n. 

By Theorem 1.4, y(G) < A(G). Therefore, y,-(G) +x(G) <n+A=n+(n—-1)=2n-1. 
Hence Ygc(G) + x(G) < 2n — 1. Let yg-(G) + x(G) = 2n — 1. It is possible only if yg-(G) =n 
and x(G) = n— 1 (or) Yge(G) =n —-1 and y(G) =n. 


Case 1 Let ygc(G) = n and x(G) = n—1. Since x(G) = n—1, G contains a clique K on n—-1 
vertices or does not contain a clique K on n — 1 vertices. Suppose G contains a clique K on 
n—1 vertices. Let v be the vertex not in K,_1. Since G is connected, the vertex v; is adjacent 
to some vertex u; of K,-1. Then {v1, u;} forms a global connected dominating set in G. Hence 
Yqce(G) = 2, therefore kK = K, which is a contradiction. Hence no graph exist. If G does not 
contain the clique K on n — 1 vertices, then it can be verified that no graph exists. 


Case 2 Let ygc(G) =n—1 and y(G) =n. Since yg-(G) = n— 1 by Theorem 1.5, G = Kk, — € 
But for K, — e, x(G) = n—1 which is a contradiction. Hence no graph exists. Hence, 
Ygc(G) + x(G) < 2n-1. 


Theorem 2.2 For any connected graph G, for n > 3 Yge(G) + x(G) = 2n — 2 if and only if 
G= K,—e, where e is an any edge of Kn. 
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Proof Assume that 7g-(G) + x(G) = 2n — 2. This is possible only if yg-(G) = n and 
xX(G) =n — 2 (or) Yge(G) =n —-1 and x(G) =n— 1 (or) Yge(G) =n — 2 and x(G) =n. 


Case 1 Let 7-(G) =n andy(G) =n — 2. Since x(G) = n— 2, G contains a clique K on n— 2 
vertices or does not contain a clique K on n — 2 vertices . Suppose G' contains a clique K on 
n—2 vertices. Let S = {v1,v2} C V—K. Then the induced sub graph < S > has the following 
possible cases, < S >= Ky and Ko. 


Subcase 1.1 Let (S') = Ko. Since G is connected there exist a vertex uj; of Ky—2 which is 
adjacent to anyone of v1, v2. Without loss of generality let v1 be adjacent to u;. Then {v1, u;} 
forms a global connected dominating set in G. So that ygc(G) = 2 which is a contradiction. 


Subcase 1.2 Let (S) = Ko. Since G is connected, let both the vertices of Kg be adjacent 
to vertex u; for some i in K, — 2. Let {v1,v2} be the vertices of Ky . Then anyone of the 
vertices of Kz and u; forms a global connected dominating set in G. Then, {v;,u;} forms a 
global connected dominating set in G. Hence 7yg-(G) = 2, which is a contradiction. If both the 
vertices of Kz are adjacent two distinct vertices of Ky_2 say u; and u,; fori Aj in Ky-2. Then 
{u;, uj} forms a global connected dominating set. Hence yg-(G) = 2, Which is a contradiction. 
If G does not contain the clique K on n—2 vertices, then it can be verified that no graph exists. 


Case 2 Let 7g-(G) = n—1 and x(G) = n—1. Since y%,-(G) = n—1, by Theorem 1.5, 
G& K,,— e. But for K, —e, x(G) =n—1. Hence G & K,, — e for n > 3. If G does not contain 
the clique K on n— 1 vertices, then it can be verified that no graph exists. 


Case 3 Let yg-(G) = n— 3 and y(G) = n. Since y(G) = n. Then G = K,,. But for Ky, 
Yqc(G) = n, which is a contradiction. 

Conversely if G is anyone of the graph K,, — e, for n > 3 then it can be verified that 
YG) + x(G) = 2n —- 2. 


Theorem 2.3 For any connected graph G, Ygc(G) + x(G) = 2n — 3 if and only if G & 
K3(P2), Kn — {e1, e2}, where e1, e2 are edges in the cycle of graph, n > 5. 


Proof Assume that 7g-(G) + x(G) = 2n — 3. This is possible only if y,-(G) = n and 
xX(G) =n—3 (or) Yge(G) =n—1 and x(G) =n—2 (or) Yge(G) = n— 2 and x(G) = n—1 (or) 
Yqec(G) =n—3 and x(G) =n. 


Case 1 Let ygc(G) = n and y(G) = n— 3. Since yg-(G) = n — 3, G contains a clique K on 
n — 3 vertices or does not contain a clique K on n — 3 vertices. Suppose G contains a clique 
K on n— 3 vertices. Let S = {v1,v2,u3} C V — K. Then the induced sub graph (S) has the 
following possible cases (S) = K3, K3, K2U Ki, P3. 


Subcase 1.1 Let (S) = K3. Since G is connected, these exist a vertex u; of K,—3 which is 
adjacent to anyone {v1, v2, v3}. Without loss of generality let v1 be adjacent to u;. Then {v1, u;} 
is a global connected dominating set. Hence 7g-(G) = 2 which is a contradiction. 


Subcase 1.2 Let (S) = K3 . Since G is connected, there exist a vertex uj of Kn—3 which is 
adjacent to all the vertices of K3. Let v1, v2, v3 be the vertices of K3. Then anyone of the vertices 
of K3 and u; forms a global connected dominating set in G. Without loss of generality {v,, u;} 
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forms a global connected dominating set in G. Then yg-(G) = 2, which is a contradiction. 
If two vertices of K3 are adjacent to u; and third vertex adjacent to u; for some i # j. 
Then {v1, ui,u;} forms a global connected dominating set in G. Then y,-(G) = 3, which is a 
contradiction. If three vertices of K3 are adjacent to three distinct vertices of Kn—3 say ui, 
uj, Ur for some i # j Ak. Then {v1, ui, uj, ux} forms a global connected dominating set in G. 
Hence ygc(G) = 4 which is a contradiction. 


Subcase 1.3 Let (S) = K2U Kj. Since G is connected, there exist a vertex u; of K,—3 which 
is adjacent to anyone of {v1, v2} and v3. Then {v 1, u;} is a global connected dominating set in 
G. Hence 7gc(G) = 2, which is a contradiction. Let there exist a vertex u; of K,~3 be adjacent 
to anyone of {v1,v2} and u,; for some i ¥ j in K,~3 adjacent to v3. Without loss of generality, 
let v1 be adjacent to u;. Then {v1, u;,u,;} forms a global connected dominating set in G. Hence 
Yqc(G) = 3 which is a contradiction. 


Subcase 1.4 Let (S) = P3. Let {v1,v2,v3} be the vertices of P3. Since G is connected there 
exist a vertex u; of K,—3 which is adjacent to anyone of the pendant vertices v; or v3. Without 
loss of generality let v; be adjacent to u;. Then {v1, v2, u;} forms a global connected dominating 
set in G. Hence y,-(G) = 3 which is a contradiction. On increasing the degree of u;, which is a 
contradiction. If G does not contain the clique K on n — 3 vertices, then it can be verified that 
no graph exists. 


Case 2 Let yg-(G) = n—Land y(G) = n—2. Since yge(G) = n—1 by Theorem 1.5, G = K,—e. 
But for Kk, — e, x(G) = n-— 1, which is a contradiction. Hence no graph exists. If G does not 
contain the clique K on n — 3 vertices, then it can be verified that no graph exists. 


Case 3 Let y-(G) =n — 2 and x(G) =n —1. Since x(G) = n— 1, G contains a clique K on 
n—1 vertices. Let v be the vertex not in K,_1. Since G is connected, the vertex v is adjacent to 
vertex u,; of K,-1. Then {v1, u;} is a global connected dominating set in G. Hence 7g-(G) = 2. 
Then K = K3. Then G © K3(P2). On increasing the degree of vu G & Ky, — {e1, e2} for n > 5 
and ej, €2 is an edge in outside the cycle of graph. If G does not contain the clique K on n— 1 
vertices, then it can be verified that no graph exists. 


Case 4. Let ygc(G) = n — 3 and x(G) = n. Since x(G) = n then G = K,,. But for Ky, 
Yqce(G) =n, then it is a contradiction. 

Conversely if G is anyone of the graph K3(P2), Ky, — {e1,e2} for n > 5, then it can be 
verified that ygc(G) + x(G) = 2n — 3. 


Theorem 2.4 For any connected graph G Ygce(G) + x(G) = 2n — 4 if and only if G & 
Py, C4, Ko(2P2), K4(P2), Kn — {e1, €2, e3} wheree, e2,e3 are edges in the cycle of graph of order 
n>6 


Proof Let Yge(G) + x(G) = 2n — 4. This is possible only if yg-(G) =n and x(G) =n— 4 
(or) Yge(G) = n—Land y(G) = n—3 (or) Yge(G) = n—2 and x(G) = n—2 (or) Yge(G) =n—-3 
and x(G) =n-—1 (or) Yge(G) =n —4 and 7(G) =n. 


Case 1 Let ygc(G) =n and x(G) = n—A4. Since x(G) = n—4, G contains a clique K on n—4 
vertices or does not contain a clique kK on n — 4 vertices. Suppose G contains a clique K on 
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n —4 vertices. Let S = {v1,v2,v3,v4} C V — K. Then the induced subgraph < S > has the 
following possible cases.< S >= Ky, Ky, K3U Ky, Ky — e, Ky U Ko, Kz U Ko, K3(P2) it can be 
verified that all the above cases no graph exist. 

If G does not contain the clique K on n — 4 vertices, then it can be verified that no graph 


exists. 


Case 2 Let yg-(G) = n—land y(G) = n—3. Since 7gc(G) = n—1 by Theorem 1.5, G = K,—e. 
But for K, — e x(G) =n-— 1 which is a contradiction. 
If G does not contain the clique kK on n — 3 vertices, then it can be verified that no graph 


exists. 


Case 3 Let yg-(G) =n — 2 and x(G) = n — 2. Since x(G) = n — 2, then G contains a clique 
K on n — 2 vertices or does not contain a clique K on n — 2 vertices. Suppose G contains a 
clique K on n — 2 vertices. Let S = {v1, v2} C V — K. Then the induced subgraph < S > has 
the following possible cases,< 9 >= Ky and Ko . 


Subcase 3.1 Let (S') = Ko. Since G is connected there exist a vertex uj of Ky—2 which is 
adjacent to anyone of {v;, v2}. Without loss of generality let v; be adjacent to u;. Then {v1, u;} 
is a global connected dominating set in G hence 7yg-(G) = 2. Then K = Ko. Let {v1, v2} be the 
vertices of K. If d(v1) = 1, d(vag) = 2 Then G & Py. If d(v1) = 2 d(ve) = 2 then G = C4. 


Subcase 3.2 Let ($9) = Ko. Since G is connected. Let both the vertices of Ky be adjacent to 
vertex u; for some i in K,—2. Let {v1, v2} be the vertices of Kz. Then anyone of the vertices 
of K2 and u; forms a global connected dominating set in G. Without loss of generality v, and 
u; forms a global connected dominating set in G. Hence y,-(G) = 2 so that K = Ke. Then 
G = K2(2P). If two vertices of Kz are adjacent two distinct vertices K,-2 say u; and u; for 
i#Jj .Then {v1, u;,u,;} forms global connected dominating set in G. Hence y,-(G) = 3 so that 
K & Ko. Then G & K3(Pp, P2, 0). 

If G does not contain the clique K on n — 2 vertices, then it can be verified that no graph 


exists. 


Case 4 Let yg-(G) = n—3 and x(G) = n—1. Since x(G) = n—1, G contains a clique K onn—-1 
vertices. Let v be the vertex not in K,_1. Since G is connected the vertex v is adjacent to vertex 
u; of K,-1. Then {v1,u;} forms a global connected dominating set in G. Hence ygce(G) = 2 
so that K ~ Ky. Then G © K4(P 2). On increasing the degree G = K,, — {e1,€2,e3} where 
€1, €2, €3 are edges in the cycle of the graph of order n > 6. If G does not contain the clique kK 
on n — 1 vertices, then it can be verified that no graph exists. 


Case 5 Let yg-(G) = n— 4 and y(G) = n. Since y(G) = n. Then G = K,,. But for Ky, 
Ygc( Kn) =n, Which is a contradiction. 

Conversely if G is anyone of the graph Py, Cy, K2(2P2), K4(P2), Kn — 3e for n > 6 then it 
can be verified that y,-(G) + x(G) = 2n — 4. 


The authors obtained graphs for which y,.(G) + x(G) = 2n — 5, 2n — 6, 2n — 7, which will 
be reported later. 
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Abstract: Communication network is modeled as a simple, undirected, connected and 
unweighted graph G. Many graph theoretical parameters can be used to describe the stability 
and reliability of communication networks. If we consider a graph as modeling a network, 
the average domination number of a graph is one of the parameters for graph vulnerability. 
In this paper, we consider the average domination number for middle graphs of some well- 
known graphs, in particular we consider the middle graphs because these graphs are between 
total graphs and line graphs. In real life problems, every edge corresponds cost, so middle 


graphs make sense on this situation. 
Key Words: Domination, Average lower domination number, middle graphs. 


AMS(2010): 05C69 
§1. Introduction 


The line graph L(G) of a graph G is the graph whose vertex set is the edge set E(G) of G, with 
two vertices of L(G) being adjacent if and only if the corresponding edges in G have a vertex 
in common. The middle graph M(G) is the graph obtained from G inserting a new vertex into 
every edge of G and by joining edges those pairs of these new vertices which lie on adjacent 
edges of G. Another important graph is the total graph. The total graph T(G) is the graph 
whose vertex set is the union of the vertex set V(G) and the edge set E(G) of G, with two 
vertices of T(G) being adjacent if and only if the corresponding elements of G are adjacent or 
incident. There have been lots of research on various properties of line graphs, middle graphs 
and total graphs of graphs. 


YO 


G L(G) M(G) I(G) 
Fig.1 
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The stability of communication network is composed of processing nodes and communica- 
tion links, is the prime importance of network designers. Graph theoretical parameters can be 
used to describe the stability and reliability of communication networks. If we consider a graph 
as modeling a network, the domination number of a graph is one of the parameters for graph 


vulnerability. 


In this paper, we considered average domination number of a graph instead of domination 
number of a graph. Let’s see what difference between these two parameters is and why we 
consider average domination number instead of domination number. 


A vertex v in a graph G said to dominate itself and each of its neighbors, that is, v dominates 
the vertices in its closed neighborhood N [v]. A set S' of vertices of G is a dominating set of G 
if every vertex of G is dominated by at least one vertex of S. Equivalently, a set S of vertices 
of G is dominating set if every vertex in V(G) — S is adjacent to at least one vertex in S. The 
minimum cardinality among the dominating sets of G is called the domination number of G 
and is denoted by 7(G) . A dominating set of cardinality 7(G) is then referred to as a minimum 
dominating set. 


Let G = (V, E) bea graph, the domination number +, (G) of G relative to v is the minimum 
cardinality of a dominating set in G that contains v. The average domination number of G, 
Yav(G), can be written as: 


Let H and G be a graphs which are have same order and size as below: 


b 


Graph G Graph H 


Fig.2 


It can easily seen that «(G) = «(H) = 1, 6(G) = 6(A) = 3, a(G) = a(A) = 3 and also 
9(G) = 7(H) = 2. In this case, how can we decide which graph is more reliable and how to find 
the average domination number of these graphs? 
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Yav(G) = 14/6 = 2.33 


So, Yav(H) < Yav(G). Then we can say graph H is more reliable than graph G. If we consider 
the graphs G— {a} and H — {c}, then we can see each graph has one isolated vertex and G'— {a} 
has P, but H — {c} contains cycle in it. This means H — {c} is more reliable than G — {a}. 


b 
© d b d 
a 
e f e f 
Graph G — {a} Graph H — {c} 


Fig.3 


Henning introduced average domination and independent domination numbers, studied 
trees for which these two parameters are equal. Our goal is to study the average domination 


number for the middle graphs of some well-known graphs. 


§2. Average Domination Numbers for Middle Graphs of Some Well-Known Graphs 


Theorem 2.1 Let M(Kj,,,) be the middle graph of Ki. Then 


2n2?+n+1 
av(M (ik Wj) a yea 
Yav(M(K1,n)) est 


Proof The number of vertices of the graph Ky, and M(K1,,) aren+1 and 2n+1, 
respectively. Let say M(K 1) = G. We consider the vertex-set of graph G = Vi(G) U V2(G) U 
V3(G) where, 


Vi(G): The set contains center vertex which has degree n. 

V2(G): The set contains n vertices whose degree is 1. 

V3(G): The set contains n new vertices with degree of (n + 1) which are obtained by 
definition of middle graph. 
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Then it is easily calculated that the average domination number of graph G. We consider three 
cases. 


Case 1 Let v be the vertex of the Vi(G). The vertex v is the center vertex which have the 
degree n in Ky,,. uv dominates n vertices which are new vertices of M(K,,,) . In order to 
dominate vertices of V2(G), we have to put these vertices to dominating set including vertex v. 
Consequently, for the center vertex v, y¥(G) =n+ 1. 


Case 2 Let v € V2(G), then degree of v is 1. Since the graph G have n vertices as v, then the 
cardinality of dominating set including vertex v is n, i.e., yy(G) =n. 


Case 3 Let v € V3(G). It is similar to that of Case 2. Thus 7(G) =n. 


Consequently, we get that 


S> w@= YS w(@+ YS w@Q+ SS we 


veV(G) veV\(G) veV2(G) veV3(G) 
1 
w(G@) = Tey dL w+ dD) w+ Dd) w(G)) 
veVi (G) veV2(G) veV3(G) 
i Qn? +n+1 
= 1 4 2) 
ee ee a 


Observation 1 The domination number of M(P,) is [=]. 


n 
Proof We have to take [= vertices which have degree 4 in our dominating set to dominate 


n vertices each of which have degree 2. It is easy to see that y(M(P,)) = [=]. 


Observation 2 If n= 2k, then the dominating set is unique. 


Proof The proof is clear. 


Theorem 2.2 Let M(P,,) be the middle graph of P,. Then 


=| + [Pr] n is odd; 


2 2Qn-1’ 
Yau(M (Pr)) = 
n+tn—-1 . 
* Oyen mus even. 


Proof Notice that |V(P,)| = n and |V(M(P,,))| = 2n-—1. Let M(P,) = G and 
U1, V2, U3,°** ,Van—1 be the vertices of G. We need to consider two cases which are even and 
odd order of P,. 


e 
V1 v2 U3 V4 U5 U6 U7 UB U2k—3 U2k—-2 V2k-1 


62 Derya Dogan 


Case 1 If is odd, then by Observation 1 y(M(P,,)) = =| and we can find several dominating 
set that gives us domination number of these vertices (The set is not unique). For the rest of 
vertices. The cardinality of domination sets which are including v; such that i = 3(mod 4) is 


1 
| in M(P,), where & > 1. For the rest of 


In — 
=| +1 and the number of these vertices is = 


vertices, domination number is Far Then, 


mL 


2 2n-—1 


Yav(M(Pn)) 


n 
—. It 
- 2 
is clear that for the number of 3 vertices we have the same average domination number. For 


Case 2 If n is even, then by Observation 2 dominating set is unique and y(M(P,,)) = 


n 
the rest of vertices the dominating number increases 1 unit, so yy = 5 + 1 for the number of 
3n — 2 


vertices. Then, 


By By Oe (2 41) 
—-x- = 2 
2 2 2 5) n*+n—1 
av(M (Pr = — 
Yau(M(Fn)) In—1 In 
So, 
2n—1 
n [24 . 
_ dd 
Geman ae 
Yav(M(Pn)) = 
nrtn-1 . 
a n is even. 


Theorem 2.3 Let M(C,,) be the middle graph of C,,. Then, 
n+1 


Yav (M(C,)) 7 


Proof Notice that |V(C;,)| =n, |V(M(C,))| = 2n. Let M(C,,) = G. We consider two 
cases dependent on the parity of |G| following. 


Case 1 nis odd. 


In this case, we consider two cases, ie.,.v € V(C;,) and v € (V(M(C,)) \ V(C,,). First, 
let v € V(C,,). Then we want to find 7, v dominates 2 new vertices in M(C,,) and itself. 
The remain vertices which are not dominated gives us P,-1, the domination number of P,—-1 


-1 -1 
is y(M(Pn-1)) = — by Observation 2. So, yy = (1+ iu ) and also we have n vertices 
as v. Ifu € (V(M{C)) \ V(C,). Then we want to find 7, v dominates 2 new vertices 


in M(C;,), 2 vertices in C,, and itself. The remain vertices which are not dominated gives 


—2 
us P,-2, the domination number of P,-2 is y(M(Pn-2)) = | by Observation 1. So, 


2 


—2 
Ww = (14+ =) and also we have n vertices as v. 
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By these two subcases, 


yav(M(Cp)) = (4G) n+ [SF] Ha) 


where n is odd. 


Case 2 n is even. 


In this case, we also consider two cases,i.e., v € V(C;,) and v € (V(M(C,,))\ V(C_). First, 
let v € V(C,,). Then we want to find y,, v dominates 2 new vertices in M(C;,) and itself. 


The remain vertices which are not dominated gives us P,_1, the domination number of P,,_ is 


—1 -—1 
¥(M(Pr-1)) = S| by Observation 1. So, yy = (1+ S) and also we have n vertices 


as v. 

Now if uv € (V(M(C,)) \ V(C,). Then we want to find 7, v dominates 2 new vertices in 
M(C,,), 2 vertices in C, and itself. The remain vertices which are not dominated gives us P,-2, 
the domination number of P,-2 is y(M(Pn—2)) = — by Observation 1. So, yy = (1+ nm) 
and also we have n vertices as v. 


By these two subcases, 


(1+ a er Ne cals 
(M(C,)) = a 2 aoe 
Yau n = an — 2 ’ 
where n is even. So, 
n+l 
Yav(M(Cn)) = i 


Theorem 2.4 Let M(Wj,,) be the middle graph of Wi. Then, 


=| (3n +3) 


eg n ts odd, 


Yav(M(W1,n)) = 


n+2 
2 9 


nis even. 


Proof The numbers of vertices of the graph W),, and M(W,,,) aren +1 and 3n+1, 
respectively. Let M(W1,,) = G. We consider the vertex-set of graph G = V,(G) U V2(G) U 
V3(G) U V4(G) where, 


Vi(G): The set contains center vertex with degree of n of the graph G. 

V2(G): The set contains n vertices whose degree is 3. 

V3(G): The set contains n vertices whose degree is 6. 

Vi(G): The set contains n new vertices with degree of n+3 which are obtained by definition 


of middle graph. 
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Then it is easily calculated that the average domination number of graph G. Now, we have 


cases and also subcases. 
Case 1 Let n be odd. 


(i) Let v € Vi(G). The vertex v dominates vertices of V2(G). In order to dominate rest of 
vertices we have to put 5 vertices in our dominating set which is 7(M(C,,)) by the proof of 
n+ | 


Case 1 for C,. Consequently, y,(G) = 5 


(i) Let v € Vo(G). The vertex v dominates 3 vertices which are new vertices in M(W,,) 


and itself. In order to dominate K,,41 that is obtain from vertex of V;(G) and new vertices of 
M(W,,,) which are obtain from incident edges of Vi(G) in W1,,, we need one vertex. Then to 


n-2 n Sastle be cata 
dominate the rest of vertices we have to put oil = =| — 1 vertices in our dominating set 


2 
which is the y(M(P,~-2)) by Observation 1. Hence, 
w(G) = [5] +1. 
2 
(iti) Let v € V3(G). The vertex v dominates 4 vertices which are new vertices in M(W},,), 
2 of them outside and the other 2 inside of wheel, 2 vertices of W1,, and itself. In order to 


dominate Ky+1, we need one vertex which is belong to Ky41, say u. u dominates 3 other 
n—3 


vertices which are not element of V(K,,+1). So, for the rest of vertices we have to put 


vertices in our dominating set which is the y(M(Pn_3)) by Observation 2. Hence,7(G) = 
ee eee a [2] 


2 2 21 
(iv) Let v € V4(G). The vertex v dominates K,,41, 3 additional vertices(which are in 
outside of wheel) and itself. For other vertices, we have to put 7 = vertices in our dominating 
-1 1 
set which is the y(M(Pn_1)) by Observation 2. Hence, y,(G) = — +1l= = [=]: 
By these four subcases, we know that 
S- Ww(G) = S Ww(G@) + ys Yw(G@) + S- Yw(G) + S- Yw(G) 
veV(G) veV\(G) veV2(G) veV3(G) veV4(G) 
1 
Yav(G) = VG) S- Yw(G) + S- Yw(G) + S- Yw(G) + S- Yw(G)) 
veV\(G) veV2(G) veV3(G) veV4(G) 
nm+2], ny), _ fn n n 
r|t(al+)n+lale+[ale  @n+s)[5] 
i. 3n+1 —  8nt1 


Case 2 Let n be even. 


(i) Let v € Vi(G). The vertex v dominates vertices of V2(G). In order to dominate rest of 
vertices we have to put 5 vertices in our dominating set which is the y(M(C,,)) by the proof 


of Case 2 for C,,. Consequently, y,(G) = 5 +1. 


(iz) Let v € Vo(G). The vertex v dominates 3 vertices which are new vertices in M(W,,n) 
and itself. In order to dominate K,,+1, we need to put one vertex in our dominating set which is 


belong to K,,+1 and also this vertex dominates to more outside vertices. Then to dominate the 
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2 
= vertices in our dominating set which is the y(M/(Pn_2)) 
n+2 


by Observation 2. Hence,7,(G) = oe 


(iti) Let v € V3(G). The vertex v dominates 4 vertices which are new vertices in M(W},,), 


rest of vertices we have to put 


2 of them outside and the other 2 inside of wheel, 2 vertices of W1,, and itself. In order to 
dominate Ky+1, we need one vertex which is belong to Ky41, say u. u dominates 3 other 


—3 
vertices which are not element of V(K,+1). So, for the rest of vertices we have to put S| 
vertices in our dominating set which is the y(M(P,-3)) by Observation 1. Hence, 


n—3 


w(@) = | Joist] B41 


(iv) Let v € V4(G). The vertex v dominates K,,41, 3 additional vertices(which are in 


-—1 
outside of wheel) and itself. So, for the rest of vertices we have to put — vertices in our 


-—1 
dominating set which is the y(M(P,-1)) by Observation 1. Hence,7,(G) = S| 1= stl. 


By these four subcases; 


S° Yw(G) > Yw(G) + S> Yw(G) + 5 Yw(G) + De Yw(G) 


veV(G) veVi(G) veV2(G) veV3(G) veV4(G) 
1 
Yav(G) = vie S- Yw(G) + S- Yw(G@) + a Yw(G@) + y: Yw(G)) 
veVi(G) veV2(G) veV3(G) veVa(G) 
n n+2 n n 
_ ($+1)+( 5 Jor Geer Grin 
- 3n+1 2. 


Theorem 2.5 Let M(K,,) be the middle graph of Ky. Then 


[3 
2|" n is odd; 
Yav(M(Kn)) = 
ntnt+4 ; 
————.,, nis even. 
Qn+2 ’ 
’ m+n 

Proof The number of vertices of the graph K, and M(K,,) are n and , respectively. 


Let M(K,,) = G. We consider the vertex-set of graph G = V\(G) U V2(G), where 


Vi(G): The set of vertices of Kn, 
V2(G): The set of vertices of G which are not in Vj. 


We need to consider for even and odd n and also each case will have two subcases, v € Vi (G) 
and v € V(G). 


Case 1 n is odd. 


(i) Let v € Vi(G). In order to find 7(G), we have to put v in domination set, then 
still we have n — 1 vertices in Vi(G) that are not dominated, since each vertices of V2(G) 
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dominate to two vertices of Vi\(G), we need to add 5 vertices of V2(G) to domination set. 


Then, ¥(G) = . t= =] for all v € V;(G). 


(it) Let v € V2(G). In order to find y,(G), we have to put v in domination set, then we 


dominated two vertices of Vi(G) and also 2n — 4 vertices of V2(G) which are adjacent to v. 
n— 


2 
We have to put vertices of V2(G) in domination set to dominate n — 2 vertices of Vi(G) 


—2 
which are not dominated. Thus, 7,(G) = = 5 +1l= I=] for all v € V2(G). 


By (2) and (2), we get that 


S- Ww(G) = S> Yw(G) + S> w(G) 


veV(G) veVi(G) veV2(G) 
= eT SC V(G) a S- Yv(G) 
veVi (G) veV2(G) 
1 n n?—n n n 
~ netn (» |S] +( 2 ) ($1) =[3] 
2 


Case 2 n is even. 


(i) Let v € Vi(G). The proof is similar to that of Case 1. In order to find y,(G), we have 


to put v in domination set, then still we have n — 1 vertices in V;(G) that are not dominated, 
n—-1 


since each vertices of V2(G) dominate to two vertices of Vi(G), we need to add vertices 


1 
of V2(G) to domination set. Since n is even, then S|. Then, y(G) = 5 +1 =] for 
all v € Vi(G). 


I 


(it) Let v € Vo(G). In order to dominate n vertices of Vi(G), we have to take 5 vertices 
of Vo(G). Thus, yy(G) = 5 for all v € V3(G). 
By (2) and (##), 


WG) = ys Yw(G) + ~~ Ywo(G) 


veV(G) veVi (G) veV2(G) 


Average Lower Domination Number for Some Middle Graphs 


By Cases 1 and 2, the average domination number of M(K,,) is, 


nr 
[5 n is odd; 
Yav(M (Kn)) = 
nr+n+ ; 
Sn n is even. 
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Abstract: The number of spanning trees in graphs (networks) is an important invariant, 
it is also an important measure of reliability of a network. In this paper we derive simple 
formulas of the complexity, number of spanning trees, of some new graphs generated by a 


new operation, using linear algebra, Chebyshev polynomials and matrix analysis techniques. 
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§1. Introduction 


In this work we deal with simple and finite undirected graphs G = (V,£), where V is the 
vertex set and F is the edge set. For a graph G, a spanning tree in G is a tree which has 
the same vertex set as G. The number of spanning trees in G, also called, the complexity of 
the graph, denoted by 7(G), is a well-studied quantity (for long time). A classical result of 
Kirchhoff in [1] can be used to determine the number of spanning trees for G = (V,F). Let 
V = {v1,v2,--+ , Un}, then the Kirchhoff matrix H defined as an n x n characteristic matrix 
H = D-A, where D is the diagonal matrix of the degrees of G and A is the adjacency matrix 
of G, H = [a;,] defined as follows: 


(i) aj; = —1 if v; and v; are adjacent and i F J; 

(it) a,j equals to the degree of vertex v; if i = J; 

(itt) ayy = 0, otherwise. 

All of co-factors of H are equal to 7(G). There are other methods for calculating 7(G). 
Let 41 > fg > +++ > fp denote the eignvalues of H matrix of a p point graph. Then it is easily 


i 
shown that 4, = 0. Furthermore, Kelmans and Chelnokov [2] shown that 7(G) = - Il Lk. 
Pp 
k=1 
The formula for the number of spanning trees in a d-regular graph G can be expressed as 
i. 
7(G) = - Il (d— Ax), where Ao = d, Ax, A2,-++ , Ap—1 are the eigenvalues of the corresponding 
Pp 
k=1 


adjacency matrix of the graph. However, for a few special families of graphs there exists simple 


formulas that make it much easier to calculate and determine the number of corresponding 


1Received November 15, 2011. Accepted December 12, 2012. 
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spanning trees especially when these numbers are very large. One of the first such result is due 
to Cayley [3] who showed that complete graph on n vertices, K,;, has n"~? spanning trees that 
he showed 7(K,,) = n"~?, n > 2. Another result, 7(Kp,q) = p?!q?~', p> 1,q> 1, where Kpq 
is the complete bipartite graph with bipartite sets containing p and q vertices, respectively. It 
is well known, as in e.g., [4,5]. Another result is due to Sedlacek [6] who derived a formula for 
the wheel W,,,1 on n + 1 vertices, he showed that 


on) (2) 


for n > 3. Sedlacek [7] also later derived a formula for the number of spanning trees in a Mobius 
ladder M.,,, 


+(M,) = 5 [(2 v3)" (2 v3)" 2] 


for n > 2. Another class of graphs for which an explicit formula has been derived is based on 
a prism. Boesch, et .al. [8,9]. 


§2. Chebyshev Polynomial 


In this section we introduce some relations concerning Chebyshev polynomials of the first and 
second kind which we use it in our computations. We begin from their definitions, Yuanping, 
et. al. [10]. 

Let A,(x) be an n x n matrix such that: 


—1 
0 --1l 2@ 


where all other elements are zeros. Further we recall that the Chebyshev polynomials of the 
first kind are defined by 


Tn(x) = cos(n arccos x). (1) 


and the Chebyshev polynomials of the second kind are defined by 


1d sin(n arccos x) 
n— cee —Th, Fes fates NS 
Un—1(2) n dx (2) sin(arccos x) 


It is easily verified that 


U,(@) — 24Un—1(x) + Un—2(x) = 0 (3) 
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and it can then be shown from this recursion that by expanding detA,(x) one gets 
U,(x) = det(An(x)), n> 1. (4) 


Furthermore by using standard methods for solving the recursion (3), one obtains the 


explicit formula: 


1 n+1 n+1 
U,(z) = ——— (x + fx? 1) (x x 1) b n> 1, 5 
() = as |(e Vv v (5) 
where the identity is true for all complex «x (except at « = +1 where the function can be taken 


as the limit). The definition of U,,(a) easily yields its zeros and it can therefore be verified that 


n—-1 * 
Uo et II (« — cos =) ; (6) 
j=l 
One further notes that 
Un—1(—#) = (-1)"""Un-1(2). (7) 
These two results yield another formula for U,,(x) following, 
n-1 
Uae) sae" II (« — cos” =) : (8) 
j=l 


Finally, simple manipulation of the above formula yields the following, which also will be 


extremely useful to us latter: 


U2_,( T#2) TT (2—2e00%2). (9) 


Furthermore, one can shows that 
1 1 


U; A@) = ie) | = 


1—T, (2x7 — 1)]. (10) 


and 


Ta(a) = 5 | (24 Pe) ve | (x Pe) ae (11) 


§3. Results 


In mathematics, one always tries to get new structures from given ones. This also applies to 


the realm of graphs, where one can generate many new graphs from given set of graphs. 


Definition 3.1 If Gi and G2 are vertez-disjoint graphs of the same number of vertices. Then 
the symmetric join, G1 * Gg is the graph of G1 + Ge, in which each vertex of Gi is adjacent to 


every verter of G2 except the paired ones. See Fig.1 for details. 
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U1 ¢ @ U1 U1 U1 
U2 ¢ @ V2 U2 v2 
U3 ¢ 6 U3 U3 U3 
Gy Go G1 * Ge 
Fig.1 


Now, we can introduce the following lemma. 


1 a —— 
Lemma 3.2 7(G) = —det(pl — D+ A), where A, D are the adjacency and degree matrices of 
Pp 


G, the complement of G, respectively, and I is the p x p unit matriz. 


Proof Straightforward by properties of determinants, matrices and matrix-tree theorem. 
The advantage of these formulas in Lemma 3.2 is to express 7(G) directly as a determinant 
rather than in terms of cofactors as in Kirchhoff theorem or eigenvalues as in Kelmans and 


Chelnokov formula. 


Lemma 3.3 Let A € F"%", BE F™*™ CE F™*" and DE F™*™~ Tf D is non-singular, 
then 
A B A 
det = (-1)"""det (A — BD~'C) detD. 
C D 


Proof It is easy to see that 


A B = A-BD-!C B I 0 
C D 0 D D-!c I 
Thus 
A B A-—BD-!C B I 0) 
det = det det 
C D 0 D Dc I 


= (-1"™)det (A — BD~'C) detD. 


This formula gives some sort of symmetry in some matrices which facilitates our calculation 


of determinants. 
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Theorem 3.4 For any integer n > 3, 


T(Pr* Pn) = a =x | (nt Vi 4)" (n n2 4) "| 


Proof Applying Lemma 3.2, we get that 


1 


T(Pn * Py) = Dmett (2nx I-D+ A) 
n+1 0) 1 vee 1 
0 n+2 1 
1 0 1 I 
n+2 0 
1 1 0 n+l 
= Gy * n+1 0 1 1 
0 n+2 0 
I 1 0 
‘ 
n+2 0 
1 1 0 n+1 
n 0 1 1 n+2 0 1 1 
0 n+1 0 0 n+3 0 
= Gp D0 1) % | f 0 1 
n+1 0 : tm te 3 OO 
1 1 0 n 1 1 0 n+2 
oil 2n — 2 
(2n)? n—2 
n-1l -1 0 0 nm+1 -1 0 0 
-1 n —1 -l n+2 -1 
x} 0 =1 0 |x2} 0 -1 0 
n —1 n+2 -—-1 
0) 0 -1 n-1 0 0 les esl 
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(n—1)x(n—1) 


= Gye ay % (2) 
i ee n+2 -1 0 
—1 = 
at 0 x 2n 0 0 
—1 ai 
Mie a AT saci) O-=l a2 
ag 8 [esate @)) x [awe (82) 
= ap nT (= 2) x es [(n + VA)" (n ne 4) "| 
Se (042+ VOR BP=A)" — (042 VF EP=T)"] 
n-1 - ¥ : .: 
~ 92nn, (m2 — 4)((n + 2)? — 4) e I(r Pa 4) (n a 4) 
x [(n+2+ Vn—2F 4)" (n 1 2 (n + 2)? 4) "| 


Theorem 3.5 For any integer n > 3, 


T(Nn * Nn) = 1 


Proof Applying Lemma 3.2, we have 


T(Nn * Nn) = 


(Qn)? 
n 1 
1 
_ 1 1 1 
~ Grp * 


1 

1 

n 
n 1 
1 


ea Gat =D eA) 


"2a —D(n— 2)". 
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n+1 1 
1 n+l 
1 
~ ine ~| 1 
1 


1 


= Gayel(n +1) 414-41) x 


S.N.Daoud 
1 
1 x 
n+1 1 
1 n+l 


(2n)? [+b +4; + we foe 


x((v1— 1) +14+1+---+1)x 


n—-1 1 
1 n—1 
1 1 
1 


Il ((m — 1) + wy +wF +--+ 027") 
j=1,wjAl __—_——a_ ss’ 


=-1 


= pelt tL n=) x (n+ 1-14 x (9-1 m= 1) x (m= 1-14 


1 


= GnyP x 2n” x 2(n - 1)(n _ 7 aa = n(n _ 1)(n = oy 


Theorem 3.6 For any integer n > 3, 


HN, +P.) = 


n—-1 


x (n= 24+ Vint BFF Bn) 


Proof Applying Lemma 3.2, we get that 


n 


1 


(2n)? 
1 


1 


iL 


det (2n x I-D +A) 


n+1 0 
0 n+2 
i 0 
1 


n+2 
0 


n+1 


n?—2 
0 1 1 
0 2241 0 
1 n+1 1 0 
jiep\ ase 
(2n — 3)n? 1 
n?2—2 
at +1 0 
1 1 0 ale 
n?—2 
7 St, “0 0 
4 er =I 
aay J 2n —3 0 = 
~ (Qn—3)n? ~ n-2 
0 
n?2—2 
n-1 at 
n?2—2 
1 0, sab. Bea 
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n? +2n-3 2n-—1 3n — 2 
2n-1 n?+3n—-—4 2n-—1 3n-2 
3n —2 2n-—1 
n? +3n—4 
3n — 2 3n — 2 2n—-—1 
2n—1 3n—2 3n—2 
n+ 3 n-1 n-1 n-1 
7 n+4 
3n—2 
n-1 
‘ 3n—2 
n-1 
n+4 —" 
3n—2 3n-2 2n—-1 
n-1 n-1 n-1 n+ 3 


3n — 2 

3n — 2 

2n—1 
n? +2n-—3 
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a) 2h 6 0 
—1 
SUES 2b 38s n?—2 9 
~ (2n—3)n? ~ n-2 n—1 0 0 
=1 
0 0 —] ee 
a (n—1)x(n—1) 


are | n n 
ar [(0? 2+ V/ni—8n? + 8n) (n? 2 nt 8n? + 8n) ; 
2nvV/nt — 8n2 + 8n 


Lemma 3.7 Let B,(x) be ann xn, n> 3 matrix such that 


x 0 1 0 
0 1 
Br(x)=] 4 
0 
0 1 0 « 


with x > 4. Then 


Proof Straightforward induction using properties of determinants and above mentioned 


definitions of Chebyshev polynomial of the first and second kind. 


Theorem 3.8 For any integer n > 3, 


n— n+1 


n?—2 n2—2\? n?—2 n2—2\? 
—4 on —4 —gnrtl 
=. * (=) a n—-1 (=) 


Proof Applying Lemma 3.2, we know that 


Nes = yee (2n x f2DsD) 
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1 
1 
tl 1 
~ Gn? * 
ol 
~ Gn? * 
_(n-1)" 
Qnp 


1 1 1 
n 1 
1 1 I 
mei 
1 1 on 
nm+2 0 1 
0 n+2 0 
I 1 0 
n+2 
0 1 0 
+38n—-4 2n-1 3n-2 3n— 2 
a2n-—1 
3n — 2 
3n — 2 
a2n—1 3n — 2 ee -) In-1 n? 
Reds eee a eer en 
fae ab a 
a 
ee 
oa pe. 
fae Se ee 


0 1 1 
n?—2 
m2 +1 0 1 
0 1 
n?—2 
n-1 ca 
1 1 0 


3n — 2 
2n—1 
+ 3n-—4 
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Applying Lemma 3.7, we get that 


(n—1)"*1 


(2n — 3)n? 7 


aoe 


theorem 3.9 For any integer n > 3, 


T(Nn * Cn) 
ees ert 
~ 2"n2(n — 2) 


n2—2 


n—-1 


n? —2 


n—-1 


n—-1 
2°n?(n — 


T(Cy * Cn) 


2(n — 3) 


n—2 


n 
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at 


n? —2 


n—-1 


“¥( 


- 


n2 —2 


n—-1 


n 


2 
) —4 _ gntl 


[ln v=’ +( 


n2 4) 


al 


x (n+ 24+ Ve+aP—4) +(n42- (24) — 2). 


Proof applying Lemma 3.2, we get that 


1 


1 a 
n+2 0 1 
0 n+2 0 
1 0 
1 
ae! 0 1 1 
~ Qn)? * 
n+1 0 il 
0 n+1 0 
ee 1 0 
~ nj? * 
1 
0 1 


0 
1 
I 
1 
0 
n+2 
n+2 0 1 0 
0 n+2 0 1 
1 0 
1 
1 n+2 0 
0 1 0 n+2 
0 nt+3 0 1 0 
1 0 n+3 0 1 
1 0 
x 
1 1 
0 1 n+3 0 
n+1 0 1 0 n+3 


g4. 
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Applying Lemma 3.7, we get that 


an Cae eae P o [m (5) -1] x4 Ir, (=) 2 1 
= abit lle VHD + (0-2 


x [(n+24+ Vin+2P=4) (n be Sala EO? a)" Dea 


Conclusion 


The number of spanning trees 7(G) in graphs (networks) is an important invariant. The evalu- 


ation of this number is not only interesting from a mathematical (computational) perspective, 


but also, it is an important measure of reliability of a network and designing electrical circuits. 


Some computationally hard problems such as the travelling salesman problem can be solved 


approximately by using spanning trees. Due to the high dependence of the network design and 


reliability on the graph theory we introduced the above important theorems and their proofs. 
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Abstract: The vertex v of a graph G is called a 1-critical-vertex for the maximum genus 
of the graph, or for simplicity called 1-critical-vertex, if G —v is a connected graph and 
ym(G —v) = ym(G) — 1. In this paper, through the joint-tree model, we obtained some 
types of 1-critical-vertex, and get the upper embeddability of the Spiral S7,. 
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§1. Introduction 


In 1971, Nordhaus, Stewart and White [12] introduced the idea of the maximum genus of graphs. 
Since then many researchers have paid attention to this object and obtained many interesting 
results, such as the results in [2-8,13,15,17] etc. In this paper, by means of the joint-tree model, 
which is originated from the early works of Liu ([8]) and is formally established in [10] and [11], 
we offer a method which is different from others to find the maximum genus of some types of 
graphs. 


Surfaces considered here are compact 2-dimensional manifolds without boundary. An ori- 
entable surface S can be regarded as a polygon with even number of directed edges such that 


‘ 


both a and a7! occurs once on § for each a € S, where the power “—1” means that the direction 


1 


of a~* is opposite to that of a on the polygon. For convenience, a polygon is represented by 


a linear sequence of lowercase letters. An elementary result in algebraic topology states that 


1 This work was partially Supported by the China Postdoctoral Science Foundation funded project (Grant No: 
20110491248), the New Century Excellent Talents in University (Grant No: NCET-07-0276), and the National 
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each orientable surface is equivalent to one of the following standard forms of surfaces: 


aay’, p= 0, 
Oy = p 
: II aibja; ‘b;*, Pp > 1. 
i=1 


which are the sphere (p = 0), torus (p = 1), and the orientable surfaces of genus p (p > 2). 
The genus of a surface S is denoted by g(S'). Let A, B, C, D, and E be possibly empty linear 


sequence of letters. Suppose A = ajaz...a,,r > 1, then A~! = az!...az'aj' is called the 
inverse of A. If {a,b,a~',b~+} appear in a sequence with the form as AaBbCa~!Db~!E, then 
they are said to be an interlaced set; otherwise, a parallel set. Let S be the set of all surfaces. 
For a surface S$ € S, we obtain its genus g(S) by using the following transforms to determine 
its equivalence to one of the standard forms. 


Transform 1 Aaa! ~ A, where A€ S anda¢ A. 
Transform 2. AabBb~'a~' ~ AcBc"!. 

Transform 3 (Aa)(a~'B) ~ (AB). 

Transform 4 AaBbCa~!Db-'E ~ ADCBEaba"'b-!. 


In the above transforms, the parentheses stand for cyclic order. For convenience, the 
parentheses are always omitted when unnecessary to distinguish cyclic or linear order. For 
more details concerning surfaces, the reader is referred to [10-11] and [14]. 


el 


€3 e3 


For a graphical property Y, a Smarandache #-drawing of a graph G is such a good 
drawing of G on the plane with minimal intersections for its each subgraph H € # and optimal 
if A = G with minimized crossings. Let T be a spanning tree of a graph G = (V, FE), then 
E = Er, +E}, where Er consists of all the tree edges, and E% = {e1,€2,...e3} consists 
of all the co-tree edges, where G = {(G) is the cycle rank of G. Split each co-tree edge 
€; = (Me;,Ve,) € Ep into two semi-edges (Jie, We;), (Ve,,ws,), denoted by e7* (or simply by e; if 
no confusion) and e; ' respectively. Let T =(V+V, E+E;), where Vi = {we,, we, | 1 <i < Gt, 
Ey = {(te;, We; ), We; We,) | 1 <i < B}. Obviously, T isatree. A rotation at a vertex v, which 
is denoted by oy, is a cyclic permutation of edges incident on v. A rotation system ¢ = og 
for a graph G is a set {o,|vv € V(G)}. The tree T with a rotation system of G is called a 
joint-tree of G, and is denoted by T,. Because it ia a tree, it can be embedded in the plane. By 
reading the lettered semi-edges of T> in a fixed direction (clockwise or anticlockwise), we can 
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get an algebraic representation of the surface which is represented by a 2G—polygon. Such a 
surface, which is denoted by S,, is called an associated surface of Tk joint-tree T, of Gand 
its associated surface is illustrated by Fig.1, where the rotation at each vertex of G complies 
with the clockwise rotation. From [10], there is 1-1 correspondence between associated surfaces 
(or joint-trees) and embeddings of a graph. 

To merge a vertex of degree two is that replace its two incident edges with a single edge 
joining the other two incident vertices. Vertex-splitting is such an operation as follows. Let v 
be a vertex of graph G. We replace v by two new vertices v; and vg. Each edge of G joining 
v to another vertex u is replaced by an edge joining u and v1, or by an edge joining wu and 
vg. A graph is called a cactus if all circuits are independent, i.e., pairwise vertex-disjoint. The 
maximum genus yu(G) of a connected graph G is the maximum integer k such that there 
exists an embedding of G into the orientable surface of genus k. Since any embedding must 
have at least one face, the Euler characteristic for one face leads to an upper bound on the 


maximum genus 


|E(G)| — |V(G@)| +1 


yau(G) < | 5 |: 


A graph G is said to be upper embeddable if yu(G) = | 22), where 3(G) = |E(G)| — 
|V(G)| + 1 denotes the Betti number of G. Obviously, the maximum genus of a cactus is zero. 
The vertex v of a graph G is called a 1-critical-vertex for the maximum genus of the graph, or 
for simplicity called 1-critical-vertex, if G—v is a connected graph and yy(G—v) = yu(G)-1. 
Graphs considered here are all connected, undirected, and with minimum degree at least three. 
In addition, the surfaces are all orientable. Notations and terminologies not defined here can 


be seen in [1] and [9-11]. 


Lemma 1.0 J/f there is a joint-tree io of G such that the genus of its associated surface equals 
| 3(G)/2| then G is upper embeddable. 


Proof According to the definition of joint-tree, associated surface, and upper embeddable 


graph, Lemma 1.0 can be easily obtained. 


Lemma 1.1 Let AB be a surface. If x ¢ AUB, then g(AvBa~') = g(AB) or g(AvBa™!) = 
g(AB) +1. 


Proof First discuss the topological standard form of the surface AB. 


(I) According to the left to right direction, let {a1,y1,7,',y,'} be the first interlaced set 
appeared in A. Performing Transform 4 on {21, 41,27", y,'} we will get A Bayyz{'yy! (~ 
AB). Then perform Transform 4 on the first interlaced set in A’. And so on. Eventually we 


will get AB [] viyiz;!y;>+ (~ AB), where there is no interlaced set in A. 
i=1 


(II) For the surface AB [] xiyixz!y;', from the left of B, successively perform Transform 
i=1 
4 on B similar to that on A in (I). Eventually we will get AB A List, Yj IT ajbja;'b;* (~ 
Vw I= 
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AB), where there is no interlaced set in B. 
(IIT) For the surface AB et ryt, y;* IT Crt i Pa from the left of AB, successively 
z= J= 
faee P 
perform Transform 4 on AB similar to that on A in (I). At last, we will get [] ajbja; ‘b;", 
i=1 
which is the topologically standard form of the surface AB. 
As for the surface ArBa~', perform Transform 4 on A and B similar to that on A in (I) 


and B in (II) respectively. Eventually ArBa~! IT LiYid, yz IT ajbja;'b;* (~ AxBa~*) will 
Iw jJ= 
be obtained. Then perform the same Transform 4 on AvBa~! as that on AB in (III), and at 
last, one more Transform 4 than that in (III) may be needed because of z and «~! in ArBa~!. 
p p+ 
Eventually [[ ajbja;'b;' or [[ ajbja;'b; +, which is the topologically standard form of the 


w=1 w=1 
surface AvBa~', will be obtained. 


From the above, Lemma 1.1 is obtained. 


Lemma 1.2 Among all orientable surfaces represented by the linear sequence consisting of a; 


J -1 


and Gan" (i=1,...,n), the surface aya2... Onde. Og ...@, 18 one whose genus is maximum. 


Proof According to Transform 4, Lemma 1.2 can be easily obtained. 


Lemma 1.3 Let G be a graph with minimum degree at least three, and G be the graph obtained 


from G by a sequence of vertex-splitting, then yy(G) < yu(G). Furthermore, if G is upper 
embeddable then G is upper embeddable as well. 


Proof Let v be a vertex of degree n(> 4) in G, and G’ be the graph obtained from G by 
splitting the vertex v into two vertices such that both their degrees are at least three. First 
of all, we prove that the maximum genus will not increase after one vertex-splitting operation, 
i.e, ym(G) < yu (GQ). 


Let e1, €2, .-- €n be the n edges incident to v, and v be split into v; and va. Without loss 
of generality, let e€;,, e:,,... ei, be incident to v1, and e;,,,,... ei, be incident to v2, where 
2<%, <n-— 2. Select such a spanning tree T of G that e;, is a tree edge, and e;,, ... €;,, are 


all co-tree edges. As for graph G. select T* be a spanning tree such that both e;, and (v1, v2) 
are tree edges, and the other edges of T7* are the same as the edges in T’. Obviously, e;,,... €:, 
are co-tree edges of T*. Let T={T,|T, = (T — v),, where (T — v), is a joint-tree of G— v}, 
T*={T*|T* = (T* — {v1, v2}),, where (T* — {v1, v2}),, is a joint-tree of G — {v,,v2}}. It is 
obvious that T = T*. Let S be the set of all the associated surfaces of the joint-trees of G, 
and S* be the set of all the associated surfaces of the joint trees of C Obviously, S* C S. 
Furthermore, |S*| = r! x (n — r)! x |T*| < |S] = (n- 1)! x |T|. So S* C S, and we have 
yu (G) < y0(G). 

Reiterating this procedure, we can get that yw(G) < yu(G). Furthermore, because 


B(G) = B(G), it can be obtained that if G is upper embeddable then Es = AC) = 


= G 
yu(G) < yu(G) < AS). So, yu (G) = Le is and G is upper embeddable. 
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§2. Results Related to 1-Critical- Vertex 


The neckband Non is such a graph that Non = Can + R, where C2, is a 2n-cycle, and R = 
{aj|a; = (vai-1, Voige2). (= 1,2,...,n, 20+2=r(mod 2n), 1<r< 2n)}. The mdbius ladder 
Mon is such a cubic circulant graph with 2n vertices, formed from a 2n-cycle by adding edges 
(called ”rungs”) connecting opposite pairs of vertices in the cycle. For example, Fig. 2.1 and 
Fig. 2.5 is a graph of Ng and Mo, respectively. A vertex like the solid vertex in Fig. 2.2, Fig. 
2.3, Fig. 2.4, Fig. 2.5, and Fig. 2.6 is called an a-vertex, G-vertex, y-vertex, d-vertex, and 
n-vertex respectively, where Fig. 2.6 is a neckband. 


e 

< w 
és § 
=) 

eee 
eee 
a a 
eee 


vg U7 
Fig. 2.1. Fig. 2.2 Fig. 2.3 
ie v2 V1 
m 
V1 von GO V2 V3 Van 
e a e ap. txXA: 
ae: a] > Xe U4 fo! v2n-1 
ae Wis ‘a Un V2n—2 
Un+1 V2n-—3 
Fig. 2.4 Fig. 2.5 Fig. 2.6 


Theorem 2.1 [fv is an a-vertex of a graph G, then ym(G—v) = yu (G). Ifv is a B-vertex, 
or ay-vertex, or a d-vertex, or an n-vertex of a graph G, and G—v is a connected graph, then 


yu(G—v) = yu(G)-1, é.e., G-vertex, y-vertex, d-vertex and n-vertex are 1-critical-vertex. 


Proof Ifv is an a-vertex of the graph G, then it is easy to get that ya(G —v) = yu (G). 
In the following, we will discuss the other cases. 


Case 1 v is an (-vertex of G. 


According to Fig. 2.3, select such a spanning tree T of G such that both a and b are 
co-tree edges. It is obvious that the associated surface for each joint-tree of G must be one of 


the following four forms: 


(i) AabBa~'b-! ~ ABaba~'b7}; 
(ii) AabBb-ta~! ~ AcBc7}; 

(iii) AbaBa~'b~' ~ AcBc7!; 

(iv) AbaBb-'a~! ~ ABbab-ta~t. 


On the other hand, for each joint-tree Te 


fom) 


which is a joint-tree of G — v, its associated 


surface must be the form as AB, where A and B are the same as that in the above four forms. 
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According to (i)-(iv), Lemma 1.1, and g(ABaba~b— 


= yu (G) evs 


Case 2 v is an y-vertex of G. 


=9 


(AB) +1, we can get that ya7(G — v) 


As illustrated by Fig.2.4, both v1 and v2 are y-vertex. Without loss of generality, we only 


prove that yyz(G — v1) = yu(G) — 1. Select such a spanning tree T of G such that both a and 


b are co-tree edges. The associated surface for each joint-tree of G must be one of the following 


16 forms: 


Aabb-ta~!B 
Abab~'a~'B 
Ab-!a~!Bab, 
Ab-!a~!Bba, 


Aabb-! Ba“, 
Abab-! Ba“, 
Ab-'Ba~tab, 
Ab~!Ba~‘ba, 


Aaba~'Bb-!, AabBa~to-, 
Abaa-!Bb-', AbaBa~'b-}, 
Aa~'Bb-'ab, ABa~'b7'ab, 
Aa~'Bb-'ba, ABa~'b7'ba. 


Furthermore, each of these 16 types of surfaces is topologically equivalent to one of such surfaces 


as AB, ABaba~'b—!, and AcBc~ 


. On the other hand, for each joint-tree Tr, which is a joint- 


tree of G — v1, its associated surface must be the form of AB, where A and B are the same as 
that in the above 16 forms. According to Lemma 1.1 and g(ABaba~‘b~')=g(AB) + 1, we can 
get that yu(G — v) = yu (G) — 


Case 3 v is an 6-vertex of G. 


In Fig.2.5, let a; = (vj, Un4i),2 = 1,2,..., 


that the associated surface of T. 7 is mnm-"n 


Syst = 
A203...AnAq a3 ee 


Lemma 1.2 and g(mnm~tn7! 


a2a3.. gs Ge 


Li 


1 


can get that yar(G— v) = yu (G) - 1. 


1 
afi an-1 ao an a3 
an . ° 
: eee Unt1 te ee 
V2n 
m V1 
n mt 
Fig. 3. 


Case 4 v is an 7-vertex of G. 


a2 


—lasag tess 


n. Without loss of generality, we only prove 
that yu(G — v1) = yu(G) — 1. Select such a joint-tree T, of Fig. 2.5, which is illustrated 
by Fig.3, where the edges of the spanning tree are represented by solid line. It is obvious 
GnQza3'...a71. On the other hand, 


is the associated surface of one of the joint-trees of G— v,. From 
1. .a51)=g(aedg...ana3'a3°...a51) +1, we 


an 42 a3 A n—-2 Gn 
. ‘ 
° ° eee a 
: A 
v1 Van-1 
v2 V2n-3 "5 
-1 . r 
— V2n s 
rol 
Fig. 4 


As illustrated by Fig.2.6, every vertex in Fig. 2.6 is a 7-vertex. Without loss of generality, 


we only prove that ya7(G — von) = yu (G) — 1. 
A joint-tree T, of Fig.2. o is depicted by Fig.4. It can be read from Fig.4 that the associated 


surface of T, is S = a1an( sii ai41@; ‘a; ya;z1rs 


t=1 


1 


sr 


Ss 


1 Performing a sequence of Transform 
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4 on S, we have 


n-3 
S = aian(] | Qi410; ‘Vara, 'rsr Tool 
i=l 
n—-3 
(Transform 4) ~ ({] i410; ')a, yagrsr lL, ta1dnaj Oa 
j=2 
n-3 
(Transform 4) ~ ({ 4;414; "a> yaarsr I. ta1dnaj are ‘a3a203 "Gs : 
1=4 
n—4 
rsr—'s—lajana,a7"( ial i414;0;,44, -) m= 0(mod 2); 
(Transform 4) ~ ae (1) 
rsr—'s—layanaza7z'( JT] ait1aiaj,,0;') n=1(mod 2). 
j=2 
It is known from (1) that 
9(S) = yu(G) (2) 


F n—-3 ae ~ 
On the other hand, S’ = ayan([] ai+1a;')a,*,a;,! is the associated surface of T*, where T* 
i=1 


. . . . / 
is a joint-tree of G — van. Performing a sequence of Transform 4 on S' , we have 


, 


n—-3 

—1)\,-1 -1 

S = ayan([] aip107*)az* 0; 
i=1 


aa,0,a;,>( Il 4i414;0;,,4,°) n= 0(mod 2); 


a1ana; a, 1( II 4 414;0;,14; *) n = 1(mod 2). 
It can be inferred from (3) that 


9(S') = ya(G — van). (4) 


From (1) and (3) we have 


From (2), (4), and (5) we have yu(G — von) = yu (G) —- 1. 
According to the above, we can get Theorem 2.1. 


Let G be a connected graph with minimum degree at least 3. The following algorithm can 


be used to get the maximum genus of G. 


Algorithm I: 


Step 1 Input i=0, Go =G. 
Step 2 If there is a 1-critical-vertex v in G;, then delete v from G; and go to Step 3. 
Else, go to Step 4. 
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Step 3 Deleting all the vertices of degree one and merging all the vertices of degree two 
in G; — v, we get a new graph Gj41. Let 2 =i+1, then go back to Step 2. 
Step 4 Output yu(G) = yu (Gi) +7. 


Remark Using Algorithm I, the computing of the maximum genus of G can be reduced to 
the computing of the maximum genus of G;, which may be much easier than that of G. 


§3. Upper Embeddability of Graphs 


An ear of a graph G, which is the same as the definition offered in [16], is a path that is maximal 
with respect to internal vertices having degree 2 in G and is contained in a cycle in G. An ear 
decomposition of G is a decomposition po, ..., pk such that po is a cycle and p; for 7 > 1 is an 
ear of po U-:-Up;. A spiral S)’ is the graph which has an ear decomposition po, ..., Pn such 
that po is the m-cycle (vjv2...Um), pi for 1 <i < m—1 is the 3-path Um42i—2Um+42i-1Um-+42iUi 


which joining Um+2i-2 and Ui; and Pi fori > m—1 is the 3-path Um+2i—-2Um+2i—1Um+2iV2i-m+1 


which joining Um+2i—2 and voi-m+41. If some edges in S” are replaced by the graph depicted 
by Fig. 6, then the graph is called an extended-spiral, and is denoted by S*, Obviously, both 
the vertex v; and v2 in Fig. 6 are 7-vertex. For convenience, a graph of S¢ is illustrated by 
Fig.5, and Fig.7 is the graph which is obtained from S2 by replacing the edge (v13, v14) with 
the graph depicted by Fig.6. 


U3 V4 
v2 


Fig. 5. Fig. 6. Fig. 7. 


Theorem 3.1 The graph SP is upper embeddable. Furthermore, yi (SP —van+3) = yu (S#)—1, 


4.€., Van43 18 a I-critical-vertex of S2. 


Proof According to the definition of S?, when n < 4, it is not a hard work to get the 
upper embeddability of S?. So the following 5 cases will be considered. 


Case 1 n= 5j, where j is an integer no less than 1. 


Without loss of generality, a spanning tree T' of S? can be chosen as T’ = TUT», where T; is 
j-l 


the path V2QU1 U5 V4U3{ I] V10i+1V101V10i—1 V10i—2V10i—3 V10i—4 V101-+5 V10i+4V10143 V10i4 2}Von b1- V2n 
i=l 
Van—1V2n—2V2n—3VIn—AVIN+5VIN+4V2n43, T2 = (Venti, V2n42). Obviously, the n + 1 co-tree 


z=, 
edges of S? with respect to T are e; = (v2,v3), €2 = (v2,v9), eg = (v1,¥7), [] {esi-1 = 
i=l 


(vi0%—5; Vioi—4), E54 = (Vi0i—65 V10i-4+3) 5 C5¢-41 > (Vi0it1, Vi0i+2), C5142 = (vi08, Vi0i+9), C5143 _ 
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(vi0i—2, Vioi+7) $5 En-1 = (van—5, Van—4), en = (Van—6, Van+3), En+t1 = (Von425 Van+3): Select 
such a joint-tree T, of S? which is depicted by Fig.8. After a sequence of Transform 4, the 
associated surface S of T, has the form as 


j-2 


-1 -1 -1 -1 —-1,-1 
S = €1€2€, eseaes{] | €5i+1€574+2€5;_ 3 €51+3€5; 9€53_ 1 ©5144 E5145 €5; esiiit 
i=l 


-1 -1 ,-1 1 1 1 1 1 -1 ,-1 
En—4€n—3€n—gen—2€n—7&n_—GEn—-1En—5 en —4en—3€n—2€n 1€nt+1€n€n+1€n 


>) 


Fj) 0= 71. 
oy II E{1E12E;1 Cj » 
i=1 


= af aay n+l. q 
where e;j, €;; © {€1,---,€n41,€1 9+--€ngiti ?= 1,--.5/ |;7 = 1,2. Obviously, g(S) = 
n+1 2 det 
[ |. So, when n = 57, SP is upper embeddable. 
2; 
-1 -1 1 1 1 
€3 C4 &5 &6 €n-1 Cn—-5 nA €n-3 Cn-2 Cn-1 
asi . . . . . . . . . . €n+1 
e seni? : ; Ee <3 ; : : : 
feu2 $$ $ § VZ f° * © F vIn-6 ?  UV2n+1 U2n $$ V2n-2 ¢ 3 V2n+5 eee 
nm 


Fig. 8. 


Case 2 n=5j+1, where 7 is an integer no less than 1. 


Without loss of generality, select JT’ = T, U Ty to be a spanning tree of S?’, where T} is the 


J 
path v3v201{ [] V10i—3V10i—4V10i—5 V10% 6V10i-+3U10i+2V10i+1U108U10i—1U10i—2 }V2n45V2n44U2n43, 12 


oh 
= (van41,V2n42). It is obviously that the n + 1 co-tree edges of S? with respect to T are 
j-l 
a = (v1, U5), €2 = (v3, V4), 63 = (v3, V11), €4 = (v2, v9), {5% = (V101—3, Vi0i—2), C5é-41 = 


t 
(vioi—a, Vi0i+5); 65142 = (Vi0i+3; Vi0i+4); C5143 = (Vi0i+2, V10i+11); e544 = (vi08, Vioit9) }, En-1 = 


(Von—5, Van—4), Cn = (Van—6, Van43); Ent1 = (Van+2; Ven+43). Similar to Case 1, select a joint tree 
T, of SP. After a sequence of Transform 4, the associated surface S of T, has the form as 


j-2 


-1,-1 -1 —1 -1 -1 -1 
So = ELEQEZE4E5EBE, EQ C7E8E3 eo{] | €5; 154 dit 5 €5i+6 65541 ©5542 6514-7 
i=1 


=i = eee af 1 1 1 1 Ay 34 
€5i4+8€5 1435149 }On—7En—6En—1En 5en—4€n—3€n—2€n—1 Ent 1en€n41 En 


FI 
- Il nen Cig 
i=l 
= =f se : n+l. ; 
Whereeye 5 GS 1ijnerreneiney eieesearin *— legal |;7 = 1,2. Obviously, g(S) = 


n+1 
2 


L 


|. So, when n = 57 + 1, S? is upper embeddable. 
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Case 3 n=5j +2, where 7 is an integer no less than 1. 


Without loss of generality, select a spanning tree of S?’ to be T = T; UT»2, where T; is the 


J 
path V1 U5V4UZV2{ I] V10i—1V10i—2 V10i—3 V10i—4 V10i1+5 V107+-4 V10i+3V10i42 V10i4 1101 }Von45V2n4+4V2n43; 


i=l 

T2 = (Von41,V2n+2). It is obviously that the n + 1 co-tree edges of S? with respect to T 
j-1 

are €, = (v1, v2), Co == (v1, 07), €3 = (us, U6); e4 = (v4, Vi3), 6 = (v3, U11); TI {esiza = 
i=l 


(vi0i—1, Vi08), 54-42 = (V101—25 V10i+7)s C5i+3 = (Vi0r455 V10i4+6)s C5444 = (V10i-445 V10i413) > C5445 = 
(Vioi+25 Vioit11)}, Cn—1 = (Van—5,Van—4), Cn = (Van—6, Van+3), En41 = (Van42,V2n43)- Similar 
to Case 1, select a joint-tree ie of S?. After a sequence of Transform 4, the associated surface 
S' of i has the form as 


j-2 


1 1,-1 Hf -1,-1 -1 —1 
= ELEQEZE4ZE5E, ECGETEQ E3 ECR€gly evo{] | €5; C5441 €5i+6 514-7 ©5442 65143 E51+8 
i=1 


1 


—1 -1 -1 1 1 1 1 1 —1 _ 
€5i4+.9€5; 4 4€5i+ 10} En _ 7€n_gen—1ep, 5€n—4En—3€n—2€n—1En4+1En€n11 en 
[2H] 

ari 


-1 
i II Ci1€i2€;1 €j2 » 
i=1 


n+1 
2 


1 ei = 
where €2, 6), {eis ety Ondiglly ety ep tit Sl etew| 
pee 


2 
Case 4 n=5j+3, where 7 is an integer no less than 1. 


|;j = 1,2. Obviously, 9(S) = 


|. So, when n = 57 + 2, SP is upper embeddable. 


Without loss of generality, a spanning tree T’ of S? can be chosen as T = Ty U Th, 


j 

where J; is the path V2U1U7U6U5V4U34 [| V10i4-1U10iV10i—1V10i1—2U10i+7 V1014+- 6 V10i+5 V10i+-4U10i+3- 
i=l 

V10i+2 }Van+5V2n+4V2n+43; T> = (Von+1; Von+2)- It is obviously that the n + 1 co-tree edges of Se 


j 

with respect to T are e1 = (v1, Us), €2 = (v2, v3), €3 = (v2, v9), [] {ess—1 = (vi0i—3, Vioi—2), 58 = 
i=l 

(Vioi—4; Vi0i+5), C5i41 = (Vi0i—65 V10i-+3), C5i+2 = (U10i+15 V10i+2), C5143 = (vi0a, Vioi+t9) }, En+1 = 

(Van+2, V2n43). Similar to Case 1, select a joint-tree T, of S’. After a sequence of Transform 


4, the associated surface S of Te has the form as 


j-1 


-1 -1 -1 -1 —1 
so = EL EQEZE4ZE5E, CGEQ {]] €5142€514+3€5; 965; 1 €5144€5145€5; C5146 
i=1 


I 


= asl ‘i 1 1 1 1 Sie = 
C5i415i42ten—1€n 5en—4€n—3€n—2€n—1Ent1en€n41 En 
ae 


= ea 
PY II Ej1E12€;1 C72 > 
i=1 


+1 
where e;;, ey CNC ry@eine, suc en ak P= Te esG i 5 |;7 = 1,2. Obviously, g(S) = 
1 
_ |. So, when n = 5j + 3, S? is upper embeddable. 


Case 5 n=5j+4, where 7 is an integer no less than 1. 
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Without loss of generality, a spanning tree T’ of S? can be chosen as T = T; UT, UT3, 


j 
where T} is the path vj v2{ [] vioi—1 101201013 V101—4V10i—5 V10i—6V101 431014210141 V108 }U2n-+417 
i=l 


Von VIn—1VIn—2VIn—3VIn—AVIN4+5VIn4+4U2n43, L2 = (v2,v3), T3 = (Ven41, Van42). It is obviously 
that the n+1 co-tree edges of S? with respect to T are e; = (v1, us), €2 = (v1, U7), €3 = (U3, U4), 


J 
€4 = (v3, v11), i {€5: = (vi0i—1; Vi08), C5¢41 = (Ui0i—2; Vi0i+7), C5i+2 = (Vi0i—4, Vi0i+5), C5143 = 


i=l 
(Vi0i+3, Vi0i44), C5144 = (Vioit2, Vioiti1)}, Ent = (Van42,V2en+3). Similar to Case 1, select a 
joint-tree T, of S?. After a sequence of Transform 4, the associated surface S of T, has the 


form as 
j-l 
S = ere1ege4eseoen ere; ‘ey '{] | C5i+3€5i44€5j_ 15; C514 5E5i46C 5141 
i=l 
€5447€5;4.9€5i+3ten—1ep Tye, “ae *3¢n ise, : jeninenecien: 
AI 
~ II enenea Ca > 
i=1 
where ej, eae EA Cisse of Qaeisey yas (uk a eee |= = ve = 1,2. Obviously, g(S) = 
n+1 


L 


|. So, when n = 57 + 4, S? is upper embeddable. 

From the Case 1-5, the upper embeddability of S? can be obtained. 

Similar to the Case 1-5, for each n > 5, there exists a joint-tree he of S? — ven+3 such 
that its associated surface is S’ = S' — {en41€n€n+1€n /}. It is obvious that S’ is the surface 
into which the embedding of S? — van+3 is the maximum genus embedding. Furthermore, 


g(S’) = g(S)—1, ie., yar(S2 — vens3) = yu (SP) —1. So, van+3 is a 1-critical-vertex of SP. 


Similar to the proof of Theorem 3.1, we can get the following conclusions. 


Theorem 3.2 The graph S? is upper embeddable. Furthermore, yu(S", — Um+42n-2) = 


ym (S?) —1, t.€., Umntan—2 is a 1-critical-vertex of S”. 


Corollary 3.1 Let G be a graph with minimum degree at least three. If G, through a sequence 
of vertex-splitting operations, can be turned into a spiral S” 


m? 


then G is upper embeddable. 


Proof According to Lemma 1.3, Theorem 3.2, and the upper embeddability of graphs, 


Corollary 3.1 can be obtained. 


In the following, we will offer an algorithm to obtain the maximum genus of the extended- 


spiral Se. 
Algorithm II: 


Step 1 Input 7 = 0 and j = 0. Let Go be the extended-spiral Sm, 

Step 2 If there is a y-vertex v in G;, then delete v from G;, and go to Step 3. Else, go to 
Step 4. 

Step 3 Deleting all the vertices of degree one and merging some vertices of degree two in 
G,; — v, we get a new graph Gj4,. Let 2 =i+4+ 1. If G; is a spiral S)’, then go to Step 4. Else, 
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go back to Step 2. 

Step 4 Let Gj,; be the spiral S!. Deleting vm+2n—2 from S?, we will get a new graph 
Gi+j+1, (obviously, Gi4;+41 is either a spiral S?~* or a cactus). 

Step 5 If Gi;+41 is a cactus, then go to Step 6. Else, Let n = n— 2, 7 = j +1 and go 
back to Step 4. 

Step 6 Output y(S”) =i+j4+1. 


Remark 1. In the graph G depicted by Fig.6, after deleting a y-vertex v; (or v2) from 
G, the vertex v3 (or v4) is still a y-vertex of the remaining graph. 
2. From Algorithm II we can get that the extended-spiral S", is upper embeddable. 
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Abstract: Let G be a graph without isolated vertices. A total dominator coloring of a graph 
G is a proper coloring of G with the extra property that every vertex in G properly dominates 
a color class. The smallest number of colors for which there exists a total dominator coloring 
of G is called the total dominator chromatic number of G and is denoted by xyta(G). In this 


paper we determine the total dominator chromatic number in cycles. 
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§1. Introduction 


All graphs considered in this paper are finite, undirected graphs and we follow standard defi- 
nitions of graph theory as found in [3]. Let G = (V,£) be a graph of order n with minimum 
degree at least one. The open neighborhood N(v) of a vertex v € V(G) consists of the set of 
all vertices adjacent to v. The closed neighborhood of v is N[v] = N(v)U{v}. For aset SCV, 
the open neighborhood N(S) is defined to be ey ® (v) , and the closed neighborhood of S is 
N[S] = N(S)US. 

A subset S of V is called a total dominating set if every vertex in V is adjacent to some 
vertex in S. A total dominating set is minimal total dominating set if no proper subset of S is 
a total dominating set of G. The total domination number 7; is the minimum cardinality taken 
over all minimal total dominating sets of G. A 4-set is any minimal total dominating set with 
cardinality 7. 

A proper coloring of G is an assignment of colors to the vertices of G such that adjacent 
vertices have different colors. The smallest number of colors for which there exists a proper col- 
oring of G is called chromatic number of G and is denoted by x(G). Let V = {u1, ue, u3,..., Up} 
and € = {C1, C2, Cs3,...,Cn},n < p be a collection of subsets C; C V. A color represented in a 
vertex u is called a non-repeated color if there exists one color class C; € © such that C; = {u}. 

Let G be a graph without isolated vertices. For an integer k > 1, a Smarandachely k- 
dominator coloring of G is a proper coloring of G with the extra property that every vertex 
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in G properly dominates a k-color classes and the smallest number of colors for which there 
exists a Smarandachely k-dominator coloring of G is called the Smarandachely k-dominator 
chromatic number of G and is denoted by x2(G). A total dominator coloring of a graph G is a 
proper coloring of G with the extra property that every vertex in G properly dominates a color 
class. The smallest number of colors for which there exists a total dominator coloring of G is 
called the total dominator chromatic number of G and is denoted by yza(G). In this paper, we 
determine total dominator chromatic number in cycles. 


Throughout this paper, we use the following notations. 


Notation 1.1 Usually, the vertices of C, are denoted by uy, u2,...,Un in order. Fori <j, we 
use the notation ([i,j]) for the subpath induced by {ui, Wi41,...,Uj}. For a given coloring C of 
Cn, C|([i, j]) refers to the coloring C restricted to (i, j]). 


We have the following theorem from [1]. 
Theorem 1.2([1]) Let G be any graph with 6(G) > 1. Then 


max{x(G), %4(G)} < xta(G@) < x(G) + %(G). 


Definition 1.3 We know from Theorem (1.2) that xta(Pn) © {y(Pr), V(Pr) + 1, %4(Pr) + 2}- 
We call the integer n, good (respectively bad, very bad) if Xta(Pn) = Y(Pn) +2 (if respectively 
xta(Pr) = Ye(Pn) +1, xta(Pr) = Ve(Pr))- 


First, we prove a result which shows that for large values of n, the behavior of yta(P,) 
depends only on the residue class of nmod4 [More precisely, if n is good, m > n and m = 
n(mod 4) then m is also good]. We then show that n = 8,13, 15,22 are the least good integers 
in their respective residue classes. This therefore classifies the good integers. 


Fact 1.4 Let 1 <i <n and let C be a td-coloring of P,. Then, if either u; has a repeated 
color or u;+2 has a non-repeated color, C|([i + 1,n]) is also a td-coloring. This fact is used 
extensively in this paper. 


§2. Determination of y+a(C,) 


It is trivially true that y4a(C3) = 3 and yta(C1) = 2. We assume n > 5. 


Lemma 2.1 Jf P, has a minimum td-coloring in which the end vertices have different colors, 
then Xta(Cn) < xXta(Pr)- 


Proof Join ujuy, by an edge and we get an induced td-coloring of Cy. 


Corollary 2.2 xta(Cn) < xta(Pr) for Vn 4 3,11, 18. 


Lemma 2.3 [If C, has a minimal td-coloring in which either there exists a color class of 


the form N(x), where x is a non-repeated color or no color class of the form N(a), then 
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Xta(Pr) < Xta(Cp). 


Proof We have assumed n > 3. If n = 3, conclusion is trivially true. We have the following 


two cases. 


Case 1 C, has a minimal td-coloring C in which there is a color class of the form N(x), 
where x is a non-repeated color. Let C;, be the cycle ujuz...unui. Let us assume 7 = ug 
has a non-repeated color n, and N(x) = {u1,u3} is the color class of color 71. Then un 
has a non-repeated color since u, has to dominate a color class which must be contained in 
N(un) = {t1, Uni}. Thus C]([1,n]) is a td-coloring. Thus yta(Pn) < xta(Cn). 


Case 2 There exists C;, has a minimal td-coloring which has no color class of the form N(x). It 
is clear from the assumption that any vertex with a non-repeated color has an adjacent vertex 


with non-repeated color. We consider two sub cases. 


Subcase a There are two adjacent vertices u,v with repeated color. Then the two vertices on 
either side of u,v say u, and v; must have non-repeated colors. Then the removal of the edge 
uv leaves a path P, and C|([1,n]) is a td-coloring. 


Subcase b There are adjacent vertices u, v with u (respectively v) having repeated (respectively 
non-repeated) color. Then consider the vertex ui(4 v) adjacent to u. We may assume u; has 
non-repeated color (because of sub case (a)). v; must also have a non-repeated color since v 
must dominate a color class and u has a repeated color. Once again, C|(C;, — uv) is a td-coloring 


and the proof is as in sub case (a). Since either sub case (a) or sub case (b) must hold, the 


lemma follows. 


Lemma 2.4 yta(Cn) = xta(Pn) for n = 8, 13, 15, 22. 


proof We prove for n = 22. By Lemma 2.1, yta(Po2) > xta(C22). Let xta(Co2) < 
Xta(P22) = 14. Then by Lemma 2.3, C22 has a minimal td-coloring in which there is a color 
class of the form N(x), where x is a repeated color (say C). Suppose z = ug First, we 
assume that the color class of ug is not N(u1) or N(ug). Then we have ua, us, u22, U21 must be 


non-repeated colors. 


U12 U11 U0 Ug Ug U7 


U1ig Uig U20 U21 U22 


Fig.1 
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Then C|([6, 20]) is a coloring (which may not be a td-coloring for the section) with 8 colors 
including C, => The vertices uz and uig have the color Cy. (The sets {ue, ug}, {uz7, uo}, {U10, Ui2}, 
{uii, ui3}, {ura, wis}, {u15, Ui7}, {uig, U2} must contain color classes. Therefore the remaining 
vertex uig must have color Ci. Similarly, going the other way, we get uz must have color 
C,). Then {uge, us}, {uig, veo} are color classes and ug, io, Wig, Ui7 are non-repeated colors. 
This leads ({11,15]) to be colored with 2 colors including C,, which is not possible. Hence 
Xta(C22) = 14 = Xta(Po2). If the color class of ug is N(ui) or N(u3), the argument is similar. 


Proof is similar for n = 8,13,15. 


Lemma 2.5 Let n be a good integer. Then xta(Pn) < xta(Cn) 


Proof We use induction on n. Let ui, U2,...,Un be vertices of C;, in order. Let C be a 
minimal td-coloring of C,,. For the least good integers in their respective residue classes mod 
4 is 8,13,15, 22, the result is proved in the previous Lemma 2.4. So we may assume that the 
result holds for all good integers < n and that n— 4 is also a good integer. First suppose, there 
exists a color class of the form N(a). Let 2 = ug. Suppose uz has a repeated color. Then we 
have U4, Us, Un, Un—1 Must be non-repeated color. We remove the vertices {u1, U2, U3, Un} and 
add an edge ugun—1 in C,,. Therefore,we have the coloring C|([4,n — 1]) is a td-coloring with 
colors Xta(Cn) — 2. Therefore, ytq(Cn) > 2+ xXta(Cn—4) > 24+ xta(Pn—4) = Xta(Pn)- 


Ue U5 U4g 


Un—2Un—-1 Un 


Fig.2 


If « is a non-repeated color, then by Lemma 2.3, yta(Pn) < xta(Cn). If there is no color 
class of the form N(x), then xta(Pn) < xta(Cn). 


Theorem 2.6 xta(Cn) = Xta(Pn), for all good integers n. 


Proof The result follows from Corollary 2.2 and Lemmas 2.4 and 2.5. 


Remark Thus the yta(Cn) = xYta(Pr) for n = 8,12,13,15,16,17 and Vn > 19. It can be 
verified that yta(Cn) = Xta(P,) for n = 5,6,7,9,10,14 and that yra(Cn) = xta(Pr) +1 for 
n = 3,11,18 and that Xta( Pr) = Xta(C1) +1. 
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§1. Introduction 


Throughout this paper, by a graph we mean a simple finite graph without isolated vertices. 
For all the terminology and notations in Graph Theory, we follow [2] and for all terminology 
regarding labeling we follow [4]. 

Graceful labeling has been suggested by Bermond in [1]. A graph G = (V, E) is numbered if 
each vertex v is assigned a non-negative integer f(v) and each edge wv is attributed the absolute 
value of the difference of numbers of its end points, that is, |f(w) — f(v)|. The numbering is 
called graceful if further more, we have the following three conditions: (1) all the vertices are 
labeled with distinct integers; (2) the largest value of the vertex labels is equal to the number 
of edges, i.e f(v) € {0,1,--- ,q} for all v € V(G) and (3) the edges of G are distinctly labeled 
with integers from 1 to q. 

In this paper we suggest a labeling called p*-graceful labeling which is an analogue to 
graceful labeling and investigate the p*-graceful nature of some graphs. 


§2. P* Graceful Labeling Graphs 


Definition 2.1 A labeling f of a graph G is one-one mapping from the vertex set of G into 
the set of integers. Let G be a graph with q edges. Let f, : V(G) — {0,1,--- ,w(q)} be 
an injective function. Define the function fy : E(G) > {w?(1),w?(2),--- ,w?(q)} such that 
fp (u,v) = |fp(u) — fp(v)|- So fp is said to be pentagonal graceful labeling of G and G is called 
q(3q — 1) 


5 is the qt” pentagonal number. 


a p* — graceful graph. Here w?(q) = 
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Theorem 2.1 All paths are p* graceful graphs. 


Proof Let {v1,v2,-+-,Un} be the vertices of P,,, the path on n vertices. Define fp : 
V(Prn) > {0,1,--+ ,w?(n — 1)} such that 

fp(v1) = 0; 

fp(vai) = fo(vai-1) + w?(q— (2i- 2)) where i =1,2,---, 3): 

fo(voigi1) = fp(var) — w?(q — (2i-1)) wherei =1,2,---, |Z]. 


Obviously, fp, is nothing but a pentagonal graceful labeling on P, with fF (Pn) = {w?(1), 
w?(2),-+- w?(n— VD}. 


Theorem 2.2 The graph nK2 is p*-graceful. 


Proof Let each Ke be labeled with u,;,v; where 1 < i < n. Define fp, : V(G) - 
10; 1, zs ,w(q)} such that 


fous) =i-1 ifl<i<n; 
fp(vi) = w?(n F (i =F 1)) + fo(ui) ifl<i<n. 


Then fp(ui) # fp(u;) for i A 7. Otherwise, if fp(ui) = fp(uy) then i-— 1 = 7-1. Thus 
i = 7, a contradiction. 

Again, if i 4 7, fp(ui) # fp(v;). Otherwise if f,(u;) = fp(v;) then w?(q—(¢—1))4+ fp(us) = 
w?(q— G—1)) + fo(ug), ie, w?(q— @— 1)) — wa — (9 — 1) = fpluy) — fo(u) # 0. Thus 
w?(q — (i—1)) Aw? (q — (7 — 1)). Consequently, f,(vi) 4 fp(v;). Hence fp is one-one. 

Also 


\fo(ui) — foil = [fr(ui) — wa — @— 1)) — fous) | 
= w?(q—(t—1)) fori =1,2,--- ,n. 


We will have w?(n),w?(n — 1),--- ,w?(1) as the edge labels. Hence the result. 


Definition 2.2 Let T be a tree. Denote the tree obtained from T by considering two copies of 
T and adding an edge by T(z) and in general the graph obtained from T(n-1) and T by adding 
an edge between them is denoted by T(n). Now T(1) is just T. 


Corollary 2.1 T(,) is a p*-graceful graph. 


Let Pan41 be a path on 2n + 1 vertices. Take 2m + 1 = a is isomorphic copies of Pon+41. 
Let w be a vertex which is adjacent to one end vertex of each copy. The newly obtained graph 
is a star with 2m + 1 spokes in which each spoke is a path of length 2n + 1 and is denoted by 
Son+1,2m+1- The degree of w is 22+ 1 and all the other vertices are of degree either 2 or 1. So 
this is a trivalent tree. In [5] Mathew Varkey proved that S2x41,2m41 is a prime graph for all 
k and m. Now we prove the following. 


Theorem 2.3 The star Son+1,2m+41 18 p*-graceful for alln,m > 1. 
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Proof Let P24, be a path of length 2n. Consider a = 2m+1 isomorphic copies of P2;+41. 


Adjoin a new vertex w to one end vertex of each copy of Pon41. Let viz >i = 1,2,---,2m+1 
be the vertices in the first level and vj; : i = 1,2,---,2m+1 and j = 2,3,--- ,2n+1 be the 
remaining vertices of S2n+41,2m+1- Define a function f, from the vertex set of S2n+1,2m+1 to the 
set of all non-negative integers less than or equal to number of edges of San+41,2m+41 such that 


fr(w) = 0, fp(var) = w?(q-—t+1); ¢=1,2,---,2m+1 and 


fp(vig) = fp(vi,g—1) + (—1)9-*w? (q— (2m +1)G—-1) -— G@-1)) for? = 1,2,--- ,2m+1, j= 
2n. 


Clearly f is injective. Hence S2n+1,2m+1 is p*-graceful. 


Corollary 2.2 The star Son41,2n41 18 p*-graceful for all n. 
Corollary 2.3 The star San2n ts p*-graceful for all n > 1. 


Definition 2.3 A caterpillar is a tree with the property that the removal of its end points leaves 


a path. 
Theorem 2.4 A caterpillar S(n1,n2,--+ ,Mm) is p*-graceful. 


Definition 2.4 The eccentricity e(v) of a verter v in a tree T is defined as max{d(v,u) : u € 


V(T)} and the radius of T is the minimum eccentricity of the vertices. 
Definition 2.5 A centre of a tree is a vertex of minimum eccentricity. 


Definition 2.6 The neighborhood of vertex u is the set N(u) consisting of all the vertices v 
which are adjacent with u. The closed neighborhood is defined as N[u] and is given by Niu] = 
N(u) U {u}. 


A result by Jordan states that every tree has centre consisting of one point or two adjacent 
points. In this section we consider trees with exactly one centre. 

Let {01.41 n,302K1n.3***ApKin,} be a family of stars where a; K1,,, denotes a; disjoint 
isomorphic copies of Ky), fori = 1,2,--- ,panda; >1. Let Hj; be the j* isomorphic copy of 
Ayn, and ujz and uyjx for k = 1,2,--- ,n; be the central and end vertices respectively of Hj;. 
Let w be a new vertex adjacent to u,; for 7 = 1,2,--- ,aj;i = 1,2,--- ,p. We thus obtain a new 
tree of radius 2 with unique centre which we shall denote by Berea Tee [see 5]. Now we 
prove the following theorem. 


Theorem 2.5 HO tet +6”) jg p* -graceful. 


Proof Consider the family of stars a; Ky, fori = 1,2,---,p. Let Hy; be the j* isomorphic 
copy of Ky,,, and uj; and v,;, for k = 1,2,--- ,n; be the central and end vertices respectively 
of H;;. Let w be a new vertex adjacent to u,;; for 7 = 1,2,---,p;7 =1,2,--- , a; of each star. 


Consider the mapping fp, : V — {0,1,--- ,w?(q)} (where V is the vertex set and q is the 
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number of edges of Fee reer ee) defined as f,(w) = 1, fp(ui1) = 0 


ft) =D for eG 1 
= wP (7) +1 for i=l andj =2,3,---,a1 
= w(aytagt-::-+a;i1t+j7)+1 for i=2,3,...,p;7 =1,2,---a; 
fo(vajk) = w?(q — (k — 1)) for t=j=1;k =1,2,---, m4 


= w(q—(j—1)nm — (k-1))4+ fp(ur,) for t= 137 = 2,3,--- ,a1;k =1,2,---,m 


= ot (2- Soom (j — 1)ni — (k ») + fp (uaz) 
l=1 


for 1 = 2,3,°++ ,p)7 =1,2,-++ ,Qpjk =1,2,--+ np 


Thus f, is a one-one mapping which induces the edge labels {w?(1),w?(2),...,w?(q)}. Hence 


fp is p*- graceful labeling. Hence the theorem. 


Consider the family of stars {a1 Kyn,;@2Kijn,3-**ApKin,} where a; Ky, denotes a; 
disjoint isomorphic copies of Ky,,, for i = 1,2,--- ,p and a; > 1. Let Hj; be the j* isomorphic 
copy of Kin, and uj; and ujjx for k = 1,2--- ,n; be the central and end vertices respectively 
of H;;. Adjoin a new vertex w to one end vertex of each star. The tree thus obtained is a tree 
with unique centre and radius 3 and is denoted by HA te2t +e") Trees of this kind are 


referred to as banana trees, by some authors. 


Corollary 2.4 Felon reae ea) ae p*-graceful. 


Definition 2.7 The comb graph is a graph obtained from a path P,, by attaching a pendant 


vertex to each vertex of Pp. 
Theorem 2.6 The comb graph G = P, Ok, is p*-graceful. 


Proof Let ui, u2,--+* ,Un be the vertices of P, and v1, v2,--- , Up, be the pendant vertices 
attached to u; : 7 = 1,2,---,n. Then the graph G = P,Ok, has 2n vertices and q = 2n — 1 
edges. 

Define fp : V(G) — {0,1,--- ,w?(2n — 1)} such that 


fo(ui) = wP(q—(@-1) + fo(ui-1) when 7 is even 
= fp(w-1)—w?(q—(i-1)) wheni #1 is odd 
= 0 when i = 1 

fo(vi) = fp(ui) -—w?(q—(n+i-—2)) when 2 is even 
= fp(us) +w?(q—(n+i-—2)) wheni #1 is odd 


= w°?(q) when i = 1 


Thus f* = {w?(1),--- ,w?(q)}. Hence G is p*-graceful. 
P 
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Definition 2.8 A twig is a graph obtained from a path by attaching exactly two pendant vertices 


to each internal vertex of the path. 
Theorem 2.7 The twig graphs are p*-graceful. 


Proof Let v1,v2,--- ,Un be the n vertices of P, and vj;;7 = 2,3---,n—1; 7 =1,2 be the 
pendant vertices attached to each v;. Then the graph has gq = 3n — 5 edges. 
Define fo : V(G) oy 10; 1, eae ,wP(q)} 
such that f,(v1) = 0 
. “ nm 
fo(v2i) = fy(vai—1) + w"(q— (26-2) §=1,2,---, [FI 
. . n—-1 
fp(v2i+1) = fp(v2i) — w?(q — (2% — 1)) t=1,2,---, | iF 
folvig) = folvi) + (1) tw? (q— (n — 1) — 24 2) — (J — I) fori = 2, m1; 7 = 1,2. 


Hence fi = {w?(1),--- ,w?(q)}. Therefore G is p*-graceful. 


Definition 2.9 The graph C,6K1, is obtained from Cr, and Ky, by identifying any vertex of 
Cy, with the central verter of Kym. 


Theorem 2.8 C36Kj,,, ts p*-graceful for n > 5. 


Proof Let C36K1,, = G and let v1, v2, v3 be the vertices of C3, ui, u2,-+-,Un be the 
vertices of Ky». Let v; be the vertex to which Ky,, is attached with. The mapping fp : 
V(G) = {0,1,--- ,w?(q)} where gq = n+ 3, defined by 


fo(us) = w(t) fori = 1,2,3 
= wP(i+1) fori=4,5 
w? (i+ 3) for i =6,7,--- ,q¢ 


I 


and fp(v1) =0, fp(v2) = 22 = w? (4), fp(v3) = 92 = w?(8) is p*-graceful. 
Further, the theorem is true only for n > 5. Since C36Ky,, to have a p*-graceful labeling 
we should have the pentagonal numbers w?(4) and w?(8) for the vertices of C3 which is possible 


only with n > 5. 


§3. Graphs That Are Not p*-Graceful. 


Theorem 3.1 Wheels are not p*-graceful. 


Proof As the central vertex of a wheel is attached to all other vertices, 0 cannot be assigned 
to it, for if, 0 is the central label then the attaching vertices , that is, all the remaining vertices 
should have pentagonal numbers as their respective labels which in turn leads to non-pentagonal 
numbers as edge labels, contradicting the definition. Again if we assign 0 to any other vertex, 
then we will have to label its adjacent three vertices with pentagonal numbers which again 


generates non-pentagonal numbers as edge labels. Thus in no way wheels are p*-graceful. 
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Definition 3.1 The Helm H,, is the graph obtained from a wheel by attaching a pendant vertex 


at each vertex of the n-cycle. 
Corollary 3.1 The Helm H), is not p*-graceful. 


Definition 3.2 The Fan graph P, + Ky is a graph obtained by joining the path P,, with the 
complete graph Ky. 


Corollary 3.2. The Fan graph Pp, + Ky is not p*-graceful. 


Definition 3.3 Let W,, be a wheel with n+1 vertices. Attach a pendant edge to each rim vertex 
of W,. Join each pendant vertex with the central vertex of the wheel. This graph is called the 
Flower graph denoted by Fy. 


Corollary 3.3 The Flower graph F,, is not p*-graceful. 


Remark Further research on the topic is pursued. 
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Abstract: B.D. Acharya and E. Sampathkumar [1] defined graphoidal cover as partition of 
edge set of G into internally disjoint paths (not necessarily open). The minimum cardinality 
of such cover is known as graphoidal covering number of G. Let G = {V, E} be a graph and 
let ~ be a graphoidal cover of G. Define f : VUE — {1,2,...,p+ q} such that for every 
path P = (voviv2...Un) in w with 


f° (P) = f(vo) + fon) + > f(vi-rvi) = k, 


a constant, where f* is the induced labeling on 7. Then, we say that G admits w - magic 
graphoidal total labeling of G. A graph G is called magic graphoidal if there exists a minimum 
graphoidal cover w of G such that G admits w- magic graphoidal total labeling. In this paper, 
we proved that Wheel Wn = Cn—1 + Ki, Ko +mkK1, Ki + mki, Fan P, + Ki, Double Fan 
Pn +24, and Parachute Wr,2 = Po,n—-2 are magic graphoidal. 


Key Words: Graphoidal cover, magic graphoidal, graphoidal constant. 


AMS(2010): 05C78 


§1. Introduction 


By a graph we mean a finite simple and undirected graph. The vertex set and edge set of a 
graph G denoted are by V(G) and E(G) respectively. Wheel W, = Cy-1 + Ky is a wheel, 
Ko + mk; is a graph obtained by joining m isolated vertices to each end of Ko, a graph of 
path of length 1, K2 + mK, is a graph obtained by joining m isolated vertices to each end of 
Ko, P, + Ky is a fan, P, + 2K, is a double fan and Wnr2 = Pon—2 is Parachute. Terms and 


notations not used here are as in [3]. 


§2. Preliminaries 


Let G = {V, E} bea graph with p vertices and q edges. A graphoidal cover w of G is a collection 
of (open) paths such that 


(i) every edge is in exactly one path of w 


(ii) every vertex is an interval vertex of almost one path in w. 


1Received September 25, 2012. Accepted December 18, 2012. 
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We define 7(G) = min |]; where ¢ is the collection of graphoidal covers ~ of G and 7 is 
€ 
graphoidal covering number of G. 


Let w be a graphoidal cover of G. Then we say that G admits q-magic graphoidal total 
labeling of G if there exists a bijection f : VUE — {1,2,...,p+q} such that for every path 


P = (voviv2...Un) in w, then f*(P) = f(vo) + f(vn) 4 » f(vi-iui) = k, a constant, where f* 


is the induced labeling of w. A graph G is called magic graphoidal if there exists a minimum 


graphoidal cover w of G such that G admits ~-magic graphoidal total labeling. In this paper, 
we proved that Wheel W, = Cy,-1 + Ai, Ko + miki, K5 + mk), Fan P, + K1, Double Fan 
P,, + 241 and Parachute W,,,2 = P22 are magic graphoidal. 


Result 2.1({11]) Let G = (p,q) be a simple graph. If every vertex of G is an internal vertex 
in w, then y(G) = q-—p. 


Result 2.2({11]) Jf every vertex v of a simple graph G, where degree is more than one, i.e., 
d(v) > 1, is an internal vertex of w is minimum graphoidal cover of G and y(G) =q-—pt+n, 


where n is the number of vertices having degree one. 


Result 2.3((11]) Let G be (p,q) a simple graph. Then y(G) =q—p+t, where t is the number 


of vertices which are not internal. 


Result 2.4((11]) For any k-regular graph G,k > 3,y7(G) =q-p. 


Result 2.5((11]) For any graph G with 6 > 3,7(G) =q-p. 


§3. Magic Graphoidal on Join of Two Graphs 


Theorem 3.1 The graph Ko+ mk, is magic graphotdal. 


Proof Let G = Ko + mk, with V(G) = {u,v,u,,1 < i < m} and E(G) = {(uv)} U 
{(wu;)(vuj), 1 <i<m}. Define f: VUE = {1,2,...,p+q} by 


Let w = {(uv), [(uuiv) : 1 <i < mJ}. Then 


f*[(wr)| = fu) + fw) + fur) 
=2m+2+2m+3+2m+4+1 
= 6m-+ 6. (1) 


Magic Graphoidal on Join of Two Graphs 105 


For integers 1 <71< ™m, 


F*[(uuiv)] = fu) + Fv) + Flu) + fur) 
=2m+2+2m+3+it+2%m+1-% 


= 6m+ 6. (2) 


From (1) and (2), we conclude that # is minimum magic graphoidal cover. Hence, Ko+mk, 
is magic graphoidal. 


For example, the magic graphoidal cover of Kz + 7K, is shown in Figure 1, 


Figure 1 K2+7K, 


where, yp = {(uv), (uuiv), (uuzv), (uu3v), (uusv), (wus), (uuev), (uuzv)}, aio 8 and Kk = 48. 
Theorem 3.2 Parachute Wy.2 = P2n—2 1s magic graphoidal. 


Proof Let G = W,,2 with V(G) = {u,: 1 <i <n],v} and E(G) = {(uitiga) > 1 <i< 
n—1}U {(urun)}U {(wuj) > 1 <i < 2}. 
Case 1 n is odd. 

Let wv = { (unvurue tee wags ) i (urtuntin—1tin—2 ae ung. ) \ 5 
Subcase 1.1 n= 1(mod 4). 


Define f: VUE — {1,2,...,p+q} by 


f(u1) =4, f(un) =, f(u1un) =5, 
f(vm) =6, fun) =2, f (wags) =p+a 


%+5 ifi=1(mod2),1<i< 
f(ustiga) = 


2%+6 if i=0(mod2),1<i< 


i) 


%+6 ifi=1(mod2),1<i< 


f(Un41—iUn—i) => 


2 +5 ifi =O0(mod 2),1<i< 5 
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Then 


i [(unvurus tags )] = f(un) +f (was: ) + f(unv) 


+ f(vur) + f(uiug) +--+ f (waunps ) 


ntl_9 mtl_y 

2 2 
=1+pt+q+2+6+ >> (2+5)+ S> (2+6) 

i=1,3 i=2,4 


=p+q+o+u("*) + (5+) (“S) (3) 


ba [(uruntin=1tn2 on ung )| =f(w)t+f (was ) + f(uitn) + f(Untn—1) 


+ flats) ++ (nga 


nyt mpl 
=4+p+qt5t+ SY) (2+6)+ S> (+5) 
i=1,3 i=2,4 


a n(*)+()() (4) 


From (3) and (4), we conclude that 7 is minimum magic graphoidal cover. Hence, W»,2 is 
magic graphoidal. For example, the magic graphoidal cover of Ws,2 is shown in Figure 2. 


10 


13 


Figure 2. W352 Figure 3 W7.2 


Subcase 1.2. n = 3(mod 4). 


Define f: VUE — {1,2,...,p+q} by 


f(u1) = 3; f(un)=1; f(vun) = 2, 
fou) =4, f(urtin) = 5; f (wags) =P+a. 
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245 ifi=1(mod2),1<i< “5 
F(uruigi) = n—1 
2%+4 ifi=O(mod2),1<is 75 


2%+4 ifi=1(mod 2),1<i< 5 
f(Un41-iUn—i) = n—1 
2i+5 ifi =O0(mod 2),1<i< 


Then 


his [(unvurus tags )| = f(un) +f (wast ) + f(unv) 


+ f(vur) + f(uiua) +++ +f (war uags ) 


n+l 
ae 


n+l 
abo 


=1l+pt+q+2+4+ >> (21+5)+ So (2+4) 


i=1,3 


i=2,4 


=ptaras0(*#!) 4 (253) ee (5) 


f* [ (uruntin-1tn2 i ngs )| =f(u)t+f (wap: ) + f(uitn) + f(Untn—1) 


+ f(Un-1Un-2) +---+ f (watts ) 


nha npt_p 
=3+p+qt5t+ Yd) (i+4)+ SO (+5) 
i=1,3 i=2,4 


=p+a+3+9("F*) + (“*) (=) (6) 
From (5) and (6), we conclude that 7 is minimum magic graphoidal cover. Hence, Wy, 2 is 
magic graphoidal. For example, the magic graphoidal cover of W7,2 is shown in Figure 3. 
Case 2 n is even. 
Let yw = { (unvurue me un) ; (uyUnUn—1Un—2 at un) } P 
Subcase 2.1 n= 2(mod 4). 


Define f : VUE = {1,2,...,p+q} by 


f(ui1) =2; f(vu) =7; f(un) =1, 
f(uiun) =4; f(vun) =3; f(untn—1) =5, 


f(uz)=p+q 
%+6 ifi=1(mod2),1<i<4~ 
f(utip) = 9 wy wr a 
2i+7 if i = O(mod 2), 1 si< 5 
%+4 ifi=1(mod2),3<i<~ 
fies = 2 
2+5 ifi=O(mod 2),2<i< 5 
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Then, 
fi [(unvurue ad .un)| = f(un) +f (us) + f(unv) 

+ f(vur) + f(uru2) +--+ + f (wa-iua) 
RA9 Ruy. 

=1+pt+q+3+7+ 5) (21+6)+ S- (28+7) 
i=1,3 i=2,4 
13 n\ (nN 

Speers Gates) 


al [ (uitnUn—1Un—2 Pera 


2)] =f(u)+f (ux) + f(uitn) + f(Untin—1) 


+ f(Un—1Un—2) +++++ f (uzqiua) 
gel 4 
=2+pt+qt44+5+ So (2i+5)+ So (2i+4) 
i=2,4 i=1,3 
13 n n 
mrsorsB-1)+()E-9 
ae RAC 2) \2 


(8) 


From (7) and (8), we conclude that 7 is minimum magic graphoidal cover. Hence, W,,2 is 


magic graphoidal. For example, the magic graphoidal cover of W6,2 is shown in Figure 4. 


11 
Figure 4 We2 


Subcase 2.2. n = 0(mod 4). 


Define f: VUE — {1,2,...,p+q} by 


f(ur) = 25 f(un) =1sf (ug) =p +a, 
f(Untn-1) =6; f(vu) =5; f(vun) =4; f(uiun) = 3, 


2i+6 if i= 1(mod 2),1<i<-1 
f (uiui4i) 2 
4G n ’ 
2i+5 ifi = O(mod 2), 1<i< 5-1 
2%+4 ifi=1(mod2),3<i<~— 
f (Un41—iUn—i = 2 
2i+3 if t =O0(mod 2),2< ti 


Figure 5 Ws. 
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Then 


i i [(unvurue i .ux)| = f(un) + f (ux) + f(unv) 
+ f(vu1) + f(uiue) +--+: +f (uz_-1us) 


a ; 
=1l+pt+q+4+7+ 55 (2+6)+ S> (28+5) 

i=1,3 i=2,4 
mrravsen (2) +()(-1 


f* [(uitintn—-1Un—2-.-u2)] = f(ur) + f (ua) + f(urtin) + f(Untn—1) 
+ f(Un-1Un-2) +:--+f (wa 41us) 


7 7 
Bo] 


2 
=2+pt+q+3+6+ S- (2+3)+ 5° (214+4) 
i=2,4 i=1,3 


<reseen()+QGa) oo 


From (9) and (10), we conclude that w is minimum magic graphoidal cover. Hence, Wp,2 


is magic graphoidal. For example, the magic graphoidal cover of Wg.2 is shown in Figure 5. 


Hence, Parachute admits magic graphoidal. 


Theorem 3.3 A Fan P,, + Ky is magic graphoidal for n = 0(mod2). 


Proof If n= 2, a fan becomes K3. If n = 4, a labeling on Py + Ky is shown in Figure 6, 


Figure 6 Py+ ky 


where, w = {(uiv), (uiu2v), (ugu3v), (uguav)},y = 4 and K = 26. 

Ifn > 4, let G = P, + Ky with V(G) = {v,u;: 1 <i < n} and E(G) = {(vui): 1 < 
t< nbU {(uuigi) > 1 <i < n-—1} Let » = {(uv), (uuiziv) > 1 <i < n— 1}. Define 
f:VUE-= {1,2,...,p+q} by 


flo) =p+4-1, flin)=p+a~% Flu) =3 (4%) 46, 


F(ui) = fu) +@-1), +=2,38, fou)=p+aq, fluws)=7-2i, 1<i<3 


f (Un4i—itin—i) =n 2%, 1 < a < 5 = 1, f (u34ita+i) =5+ 21, 1 < a << 5 a 3, 
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2 
f(vuini) =p+q—-64+4, 1<iss, fvting1—i) = Fur) += +4, l<i<n-4. 
Then 


f * [(uiv)] = fur) + Fv) + f(uir) 
(n—6)+643n 1+ 8n=Tr+2—4, (11) 


For 2 <i <3, 


f*[(uiui+i0)| = f(ui) + fv) + f(uiuizi) + f(uisiv) 


<6 
= my )+o+e 14 an = 147 2+ 3n-6+i= T+ 5-4. (12) 


f° [(uiuisi0)| = f(ui) + fv) + f(uiuizi) + f(uitiv) 


~6 
=3(% ) 6-3) 4 3n 145 420-3) 


~6 2 
+3(*5*) +6475 +n-i=T™n+e—4 (13) 


For 5 -3<isn-1, 


f * [(uiuiziv)] = f(ui) + flv) + f(uimigi) + f(uitiv) 


= (“S*) e424 i+3n—1+n—2(n-1) 


2 


_ 2 
+3("5*) +0478 bn i=™+o—4 (14) 


From (11), (12), (13) and (14), we conclude that ~ is minimum magic graphoidal cover. 


Hence, a Fan P,, + Ky, (n-even, n > 4) is magic graphoidal. 


For example, the magic graphoidal cover of Pio) + Ky is shown in Figure 7, 


uy 2 us 3 ug lug? us 9 ue 2 uz 4 ug © ug 8 u10 


Figure 7 Pio + Ky 


where, q) = {(u1v), (u1uev), (u2usv), (uguav), (uss), (usugv), (ugU7v), (U7UsL), (usu), (ugt0v)}, 
y= 10 and kK =71. 
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Theorem 3.4 A double Fan P, + 2K yis magic graphoidal. 


Proof Let G = P, + 2k, with V(G) = {v,w} U {uj: 1 <a <n} and E(G) = {(uui4s) : 
1<i<n—1}U {(vu;) U (wu;) :1<%<n}. The discussion is divided into to cases following. 
Case 1 nis odd. 

In this case, define f: VUE = {1,2,...,4n + 1} by 


f(w) =4n4+1; f(uv) =4, 1<i<n; f(uw) =2n+1-i, l<i<n, 


—1 5 1 
flugi) =2n+i, 1<i< “= Flv) = “ 
5 1 1 
f (wai-1) = “ + 1, < 1 < “ ; f(Un4i—-itn—i) = 3n + 1 + a, 1 < 1 < n—1. 


Let ¢) = {(ususg1) 2 1 <t< n—-1L}U{(vuyw) > 1 <i <n}. Then, for 1 <i <n-1,1= 1(mod 2), 


f*[(uitig1)] = fluc) + f(uiga) + f(uimits) 


dbn+1 241 ti+1 . Lin+5 
op ts + Qn 4 5 t3n+lt+n iar ee (15) 
for 1 <i<n—1,i=0(mod 2). 
f° [(uruisi)] = fui) + f(uigr) + f(usuits) 
@ dn+1l 7442 . lint+5 
Seat oe a t3n+1l4+n-i= pire (16) 
forl<i<n, 
f[(vusw)] = f(v) + fw) + flvui) + f(uw) 
5 1 i+tl i+1 17 5 
= “ + +2n+— +3n+14+n-i= (17) 


From (15), (16) and (17), we conclude that 7 is minimum magic graphoidal cover. Hence, 
a double Fan P,, +2, (n-odd) is magic graphoidal. For example, the magic graphoidal cover of 
Ps+2K;, is shown in Figure 8 with » = {(vuw), (vuew), (vu3w), (vusw), (vusw), (uru2), (uaus), 
(ug3u4), (usus)},y =9 and K = 45. 


Figure 8 P;+2k, 
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Case 2 nis even. 


In this case, define f: VUE — {1,2,...,4n + 1} by 


f(w) =4n4+1, f(uv) =1, l<i<n, f(ujw) =2n4+1-i1,l<i<n 
f(u2i) = 2n + i, lsiss, fe)= 41 


» f(Unzi-itn—-i) = 8n+14+i, 1<i<n-1. 
Let ¢ = {[(usuiz1) > 1 <4 <n-I],[(vuw) :1<i< nj}. Then, for 1 <i<n—1,7=1(mod 2), 


f*(witig1)] = flue) + f(uiga) + f(uimiss) 


5n t+ 1 it+1 . Llin+6 
ierntand ony 5 + 2n 4 5 +3n+14+n oer ee (18) 
for 1 <i<n-—1,i= 0(mod 2) 
f*[(uitig1)] = fui) + fuisa) + f(ucuiti) 
a dn a+2 . 1in+6 
=intsta tis 5 t3n4+1+n—-i= I (19) 
forl<i<n, 
f*[(wurw)] = fv) + f(w) + flvui) + F(uw) 
5) 17 6 
= 4+144n+1+it2n+1—i= a (20) 


From (18), (19) and (20), we conclude that 7 is minimum magic graphoidal cover. Hence, 
a double Fan P,, + 2K (n-even) is magic graphoidal. For example, the magic graphoidal cover 


of Pg + 2K, is shown in Figure 9, 


Figure9 Po+2hk, 


= {(vuw), (vuew), (vusw), (vusw), (vusw), (vugw), (uru2), (waus), (ugua), (uaus), 


where, w= 
(usue)}, y = ll and K = 54. 


Magic Graphoidal on Join of Two Graphs 113 


Theorem 3.5 A wheel W, = Cy_-1 + Ky (n- even) is magic graphoidal. 


Proof Let G = W, with V(G) = {v,uj:1<i<n-1} and E(G) = {(uiwigi): 1 <i< 
n—2}U {(uitn-1)} U {(vus) > 1 <i<n-—1}. Define f: VUE = {1,2,...,p+q} by 


f(u1) =n-2; f (wii) = 2% - 1, 1<i< 7 
. on 
f(ugsins) = 2, 1<Si< 5-2, fe)=pta 
f(usisa) = 35 4, 1<i< a f( 
f (Ussitasizs) = 2n-1-i, 1<i< 5 —1, where un = ut. 
Let w = {[(vusuigi) > 1 <i < n— 2], (vun_1u1)}. Then, for 1 <i < §, 


f*[(vucuizi)] = f(v) + fuga) + f(vui) + f(uiuiti) 
= 8n—-—24+21-14+3n-2 


i+ $n i= Tn + 5-5; (21) 
for Fr Sea 2, 
f*[(vuscuizi)] = f(v) + fuga) + f(vui) + f (wisi) 


8p 242(i =) +3n P= F491 (i 
f*[(vun-1u1)] = f(v) + fur) + f(vun-1) + f(Un-11) 


n n 
Le eee ay) 
~) m+ 5 (22) 


=3n—2+n—-24+3n—2-(n—1)+2n-1 (5 1) =™n+ 5-5. (23) 


From (21), (22) and (23), we conclude that 7 is minimum magic graphoidal cover. Hence, 
a wheel W,, (n-even) is magic graphoidal. 


For example, the magic graphoidal cover of Wg is shown in Figure 10, 


Figure 10 Ws 


where, W = (vuiuz), (vuzus), (vugua), (vusus), (Vusu6), (Vu6u7), (Vu7u1),y = 7 and K = 55 
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Theorem 3.6 The graph K2+mkK;, is magic graphoidal. 


Proof Let G = Ko +mkK, with V(G) = {u1, ug, [v5 : 1 < i < mj} and E(G) = {(ui%) : 


1<i<m}U {(ugv;):1<i< m}. Define f: VUE = {1,2,...,3m +2} by 


flu) =2m+1; f(mvi) =i, 1<i<m, 
f(ug) =2m4+2; f(ugu;) =2m4+1+i, 1<i<m-1. 


Let w = {(uivju2) : 1 <i < mb}. Then, 


f*[(urviue)] = f(ur) + f(u2) + f(urvi) + f (viva) 
= 2m+14+2m4+24+i1+2m4+1—-1=6m+4. 


Thus, f*[(u1v;u2)] is independent of i, depends only on m. So it is a constant. Therefore, 


Ky +m, admits a 7-magic total labeling. Hence, Ky + mK, is magic graphoidal. 


For example, the magic graphoidal cover of Kz + 6K, is shown in Figure 11, 


V4 U1 


Figure 11 K.+6K, 


where, w = {(uiv1 U2), (u1veu2), (u1v3ue2), (ui v4ua), (w1U5U2), (u1veu2)},y = 6, K = 40. 
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Abstract: The crossing number of a graph is the least number of crossings of edges among 
all drawings of the graph in the plane. In this paper, we investigate the crossing number of 
the generalized Petersen graph P[3k—1, k] and get the result that k < cr(P[3k—1,k]) <k+1 
for k > 3. 
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§1. Introduction 


Let G = (V, E) be asimple graph with vertex set V and edge set E. A Smarandache Y-drawing 
of a graph G for a graphical property # is such a good drawing of G on the plane with minimal 
intersections for its each subgraph H € #, which is said to be optimal if A = G with minimized 
crossings. The crossing number cr(G) of a simple graph G is defined as the minimum number 
of edge crossings in a drawing of G in the plane. A drawing with the minimum number of 
crossings(an optimal drawing) must be a good drawing; that is, each two edges have at most 
one point in common, which is either a common end-vertex or a crossing. Moreover, no three 
edges cross in a point. Let D be a good drawing of the graph G, we denote the number of 
crossings in D by crp(G). 

The generalized Petersen graph P[m, n] is defined to be the graph of order 2m whose vertex 
set is {U1, U2,°+* ,UmjX1,02,°°+ , 2m} and edge set is {ujus4i, Wits, LiVign,t = 1,2,---,m; 
addition modulo m}. The Cartesian product of two graph G; and G2, denoted by Gi x Go, has 
the vertex set V(G, x G2) = V(G1) x V(Ge2), edge set E(Gi x Go) = {(ui, uz) (Un, Ue) Us = Un 
and v;v, € E(G2); or vj = ve and ujun € V(Gi)}. In a drawing D, if an edge is not crossed 
by any other edge, we say that it is clean in D; if it is crossed by at least one edge, we say that 
it is crossed in D. The following proposition is a trivial observation. 


lSupported by Hunan Provincial Innovation Foundation For Postgraduate, China (No. CX2012B198; 


No.CX2012B195). 
2Received September 2, 2012. Accepted December 20, 2012. 


The Crossing Number of the Generalized Petersen Graph P[3k — 1, k] 117 


Proposition 1.1 Jf there exists a clean edge e in a drawing D and contracting it results in a 
new drawing D*, then cr(D) > cr(D*). 


Proposition 1.2 If there exists a crossed edge e in a drawing D and contracting it results in 
a new drawing D*, then cr(D) > cr(D*) +1. 


Proposition 1.3 If G, is a subgraph of Go, then cr(Gi) < cr(G2). 
Proposition 1.4 Let G; be a graph homeomorphic to graph Go, then cr(G1) = cr(G2). 


Crossing number is an important parameter, which manifest the nonplanar of a given graph. 
It has not only theory significance but also great practical significance, early in the eighties of 
the 19th century. Bhatt and Leithon [1,2] showed that the crossing number of a network(graph) 
is closely related to the minimum layout area required for the implementation of a VLSI circuit 
for the network. Szekly [3] solved the very difficult problem of Edoérs in dispersed geometry by 
crossing number of a graph. At present, the crossing number of a graph has widely used in 
VLSI layout, dispersed geometry, number theory, biological project and so on. 

Calculating the crossing number of a given graph is NP-complete [4]. Only the crossing 
number of very few families of graphs are known exactly, some of which are the crossing number 
of generalized Petersen graph. Guy and Harary (1967) have shown that, for k > 3, the graph 
P[2k,k] is homeomorphic to the Mobius ladder Moz, so that its crossing number is one, and it 
is well known that P[2k, 2] is planar. Exoo and Harary, etc. researched on the crossing number 
of some generalized Petersen graph. In [5] they showed that 


0, foreven, n> 4, 


3, forodd, n> 7. 


cr(P[n, 2]) < 


and they also proved that cr(P[3,2]) = 0 and cr(P[5,2]) = 2. R.B.Richter and G.Salazar 
investigated the crossing number of the generalized Petersen graph P[N,3] and in [6] proved 
that(the graph P[9,3] is not be included) 


k+h, fork>3, he {0,2}, 
k+3, fork>3, h=1. 


cr(P[3k + h,3]) < 


S.Fiorini and J.B.Gauci [7] study the crossing number of the generalized Petersen graph P[3k,k] 
and prover that cr(P[3k, k]) =k for k > 4. 

In this paper, we investigate the crossing number of the generalized Petersen graph P[3k— 
1,k] and get the main result that 


k < er(P[3k —1,k]) <k+1 for k > 3. 


§2. Cartesian Products 


Let S'3 denote the star-graph 1,3 and P, the path-graph with n+ 1 vertices, and consider the 
graph of the Cartesian product $3 x P,,, denoting the vertices (0,72), (1,7),(2,7) and (3,2) by 
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xj, a;,b; and c;, respectively for (i = 0,1,--- ,n), where the vertices x; represent the hubs of the 
star. In the drawing of $3 x P,,, we delete the path T = (20, 21,--+ , &) which passes through the 
hubs of the stars. We let the subgraph of ((S3 x P,,)—T’) induced by the vertices x;, a;, b; and ¢; be 
denoted by S*. Also, the subgraph induced by the vertices 2;, aj, bi, Ci, Vi41, @i41, bi41, and C41 
is denoted by H*,so that H* is made up of S$’ and S‘*! together with the three edges connecting 
the two stars, as illustrated in Figure 1. 


G Ci4+1 
/ cd b; bas \ 


i] 
x; a7 


a; Ajp41 


Figure 1 A good drawing of S3 x P,, 


It is easy to obtain the following lemma 2.1 below, since the upper bound follows from 
the drawings of Figure 1, while the proof of the lower bound follows the same lines as that in 
Jendrol and Scerbova [8]. 


Lemma 2.1 Let G denote the graph of Cartesian product S3 x P,(n > 1), with the path T 
joining the hubs of the stars deleted, that is, G := ((S3 x P,) —T). If D is a good drawing of 
G in which no star S*(i =0,1,--+ ,n) has a crossed edge, then crp(G) =n-— 1. 


§3. The Generalized Petersen Graph P[3k — 1, k] 


The generalized Petersen graph P[3k—1, k] of order {64—2} is made up of a principal cycle C = 
{uy, U2,-++ ,U3k—1}, the spokes u;2; and a adjoint principal cycle C = {a;, p44, Cak+is° ++ » T3R—-15 
where i = 1,2,--- ,3k—1 and addition is taken modulo {3k — 1}. A drawing of P[3k — 1, k] is 


shown in Figure 2. 


U3k—-1 U4 


Figure 2 
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Let @ be a good drawing. In order to get an upper bound for the crossing number of 
P[3k — 1,k], we have shown a good drawing of P[3k — 1, k] in Figure 3. 


Figure 3: a good drawing of P[3k — 1, k] 


Figure 3 sets the upper bounded equal to k + 1. To show that cr(P[3k — 1,k]) > k, in the 
drawing of Figure 3, we note that by deleting the not crossed edges of x;x;4, (where k+1< 
i < 2k— 1), and wipe away these 2-degree vertices {@%41, Uk42;°°* ,LQk—-1,V2k+1,°°* »U3k—1}- 
Considering the spoke x2;,u2,% is clean or crossed, we now consider the following two cases. 


Case 1 First, we consider that the spoke x2,u2x% is clean. Then contract the spoke r2,u2~ to 
the vertex uz, we obtain the graph G, is shown in Figure 4,such that Gz D (S3 x Py_1 —T). 
Obviously, P[3k — 1, k] contains G;, as a subgraph. By Proposition 1.1 and Proposition 1.3, we 
have cr(P[3k —1,k]) > er(G;,). Thus, in order to get a lower bound for the crossing number of 
P[3k—1,k], we can simply consider the crossing number of the graph G;, as shown in Figure 4. 


Figure 4: A good drawing of G;, 


Lemma 3.1 cr(P[3k—1,k]) >k (k > 3). 


Proof For k = 1, P[2,1] is a planar graph. For & = 2, from above cr(P[5, 2]) = 2. Now we 
consider the case for k > 3. 

For k = 3, from [6] we have cr(P[8,3]) = 4 > 3. The theorem is true for k = 3. Now 
suppose that for k > 3. In order to prove that cr(P[3k — 1,k]) > k, we only should to prove 
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that cr(G,) > k for k > 3. We assume that t is the least value of the crossing number & for 
which cr(G;) < t—1, t is greater than 3. We also note that the deletion of the vertex 2; and the 
edges incident to it (for values of i between 2 and k—1) from Gy yields a graph homeomorph to 
G,_1. Therefore, since G; contains G;_; as a subgraph, we have cr(G) > cr(G:_-1) > t—1 by 
minimality of t. Thus, we only need to show that cr(G,) 4 t—1. By assuming, for contradiction 
that it is 

cr(G;) =t—-1. (1). 


We divide the problem into three cases to prove that cr(G;) > t. 
Case 1 The spoke 2,2, is not crossed. 


Case 1.1 First we consider an optimal drawing D of G; and assume that a star edge of 
{xju;, VpUite, LVititor—1} for 2 <i <t—1, makes a positive contribution to the crossing number 
of G;. In this case, when we delete the hub 2;(2 < i < t— 1) we get an induced drawing D, of 
homeomorph of G;_; such that 


t—-1 = cer(Gt) > crp,(Gi-1) +1 
> (t-1)4+1, 


by the inductive hypothesis, a contradiction. 


Case 1.2 Now we consider an optimal drawing D of G; and assume that the star edge of 
{x1U1, U1 Up41, U1 U2K} Or {LZKUK, LEUZK—1, LkU2k} Makes a positive contribution to the crossing 
number of G;. In this case, we delete the hub x;(x = 1 or k) because there is no crossing in the 
{3t — 1} principal cycle C. So the edge {uo,ue~41} or {u1us~—1} is clean. Then contract the 
edge {u2pU2441} or {u1Us~—1}. Following the same arguments presented in Case 1.1, we get an 
induced drawing Dz of homeomorph of G:_1 such that 


t-1 = cr(G:) > crp,(Gi-1) +1 
> (t-1)4+1, 


by the inductive hypothesis, a contradiction. 


Case 1.3 Thus, we can assume that all the {¢ — 1} crossings of G; are self-intersections of the 
{3t — 1} principal cycle C made up of the edges u;uj41 for 1 < i < 3t — 1 addition modulo 
{3t— 1}. 

Therefore, there exists an optimal drawing D3 of G; such that in D3 the edges of the stars 
do not contribute to the crossing number. We divide the problem in to the following different 


subcases. 


Subcase 1.3.1 If there is an edge e in uju;+, in Dg which is crossed twice and more, then 
deleting e together with the two other edges at distance t from e along C’. As it is the edges 
{ujUi41, Uk+iUk+i41, U2k+i-1U2k+4i}, then we get a subgraph homeomorphic to ($3 x P;-1—T). 
Therefore, by Lemma 2.1 above. 


t—-1 = er(G) > cr(S3 x Pos —T)+2 
(t — 2) +2 =t, a contradition. 


I 
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Subcase 1.3.2 If there are two edges in Ds at distance t or t — 1 from each other which are 
crossed but do not cross each other, then repeating the same procedure as in case 1. So we 


have 
t—1 = cer(Gg) > cr(S3 x P-1—T)+2 
= (t—2)+2=t, acontradiction. 


We can therefore assume hereafter that in D3 there is no edge which is crossed twice and no 
two edges at distant t from each other giving a contribution of two to the crossing. As it is, now 
we consider the case there is an edge e in D3 which is crossed once. There remains to show 
that if in Ds: 


(i) There are no two edges at a distance ¢ which not intersected, or 


(ii) There are two edges at a distance ¢ from each other which are pairwise intersecting, then 


in both cases we get a contradiction. 


Let us first assume that no two edges at a distance t or t — 1 from each other can be 
found such that they are both intersected. We divide the {3¢ — 1} principal cycle C into two 
{t}-sectors and one {t — 1}-sector such that the number of crossed edges in each sector is p, q 
and r, respectively. Since in Sector 1 there are p crossed edges which cannot be matched to 
crossed edges in Sector 2 and 3. Hence in each of Sector 2 and 3 there are p edges which are not 
intersected. Similarly for g and r. Thus, the number of uncrossed edges is at least 2(p+q+r). 
However, the total number of edges>(numbers of crossed edges)+(number of uncrossed edges) 
is, 


3t-1 > (ptatr)+2(pt+aqtr) 
= 3(p+qtr). 


Let p+q+rz=2. This implies that 3t — 32 > 1. Ast is the least value of k for the crossing 
number, then t < x. Thus 3t — 3x > 1, a contradiction. 

We now assume that there are two edges in D3 at distant t or t — 1 from each other that 
at intersect each other. That is, if w;uizi(1 < i < t addition taken modulo t ) is intersected 
by an edge e, then e € {uj+pUi4e41, Wi42t-1Ui+24}. Without loss of generality, we assume that 
e = {ui42Ui+t41} and consequently, that the edge uj+24-1Ui+24 is not intersected. 

We consider the subgraph H induced by S(a;) U S(ai41) \ {aiuize, Vi41Uite¢1} (shown in 
Figure 5(a)). This is a 6-circuit none of whose edges is intersected, with the sole exception of 
ujui+1 Which is intersect once by uj4+.Ui+441 - , Thus, H is planarly embedded and without loss of 
generality, we let uj41 € Int(H) and uisizi € Ext(H)(since if these vertices are both in Int(H) 
or in Ext(H), then the edges u;u;+1 is crossed an even number of times). Therefore, we have the 
subgraph shown in the drawing of Figure5(b). Now x;+2 either lies in Int(H) or Ext(H) and 
none of the edges of $;,2 can be crossed. Also, the edges of the subgraph in Figure 4(b) cannot 
be crossed(apart from the crossing shown), giving us the required contradiction. Therefore, 
cr(G,) #t—1. So, formula (1) does not hold. So, we have shown that cr(G,) > k, hence 


cr(P[3k —1,k]) > cr(Gk) >k& (k > 3). (2) 
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Uj Ui+1 


z; Vi41 


Uj+2t—-1 Uj+2t Uj+2t-1 Uj+2t 


(a) (b) 


Figure 5 


Case 2 Now we consider that the spoke x2,u2x is crossed. Using the analogous arguments 
presented in Case 1. Then contract the spoke x2,u2x to the vertex u2,. We obtain the graph G; 
is same shown in Figure 4, such that Gy > (S3 x Py_1—T’). By Proposition 1.2 and Proposition 
1.3, then we have cr(P[3k —1,k]) > cr(G,) +1. We can follow the same conclusion cr(G,) > k 
presented in Case 1. Hence 


cr(P[Bk —1,k]) >k+1. (3) 


As a result, from all the above cases, combine with formula (2) and (3), we have shown 
that cr(P[3k — 1,k]) > k. 


Theorem 3.1 k < cr(P[Bk—1,k])<k+1 (k> 83). 


Proof A good drawing of P[3k—1, k] in Fig.3 shows that cr(P[3k—1,k]) < k+1 for k > 3. 
This together with Lemma 3.1 immediately indicate that 


k <cr(P[Bk-—1,k] <k+1 (k> 3). 


We end this paper by presenting the following conjecture. 


Conjecture cr(P[3k—1,k]) =k+1 (k> 3). 
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We know nothing of what will happen in future, but by the analogy of past 
experience. 


By Abraham Lincoln, a American president. 
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